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PREFACE 


The purpose of this book 


In this volume, an application will be made of the method of 
semantics developed in Introduction to Semantics, the first volume 
of this series, Studies in Semantics. Among the characteristic fea- 
tures of this method are the distinction between a calculus and its 
interpretation, in other words, between syntactical and semantical 
systems; and the use of L-concepts based on the concept of 
L-range. The problem to be dealt with is that of the possibility 
and the scope of the formalization of logic This problem has long 
been discussed, especially during the last hundred years, the 
period of the development of modern logic. However, before the 
method of semantics became available, no precise answer could be 
given, and not even a clear and precise formulation of the question 
was possible 

The task of the formalization of any theory, ie of its repre- 
sentation by a formal system or calculus, belongs to syntax, not 
to semantics On the other hand, the question of whether a pro- 
posed calculus formalizes a given theory adequately and com- 
pletely is a matter of the relations between a calculus and an 
interpreted system, and hence requires semantics in addition to 
syntax. In this book, the theory to be formalized is logic Cal- 
culi representing logic in a formal way have been constructed and 
thoroughly investigated by many logicians The most important 
and best known of these logical calculi are the propositional cal- 
culus (called PC in this book), containing the propositional con- 
nectives ‘not’, ‘or’, ‘and’, etc., and, constructed on its basis, the 
functional calculus (here called FC), containing general sentences 
with terms like ‘every’ and ‘there is’. Our problem will be to de- 
termine to what extent these calculi fulfill the task of formalizing 
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logic, and more generally, to what extent any calculus of the cus- 
tomary kind can fulfill this task Contrary to the general belief, 
not all essential questions concerning PC have so far found their 
answer For instance, the question whether PC completely for- 
malizes all logical features of the part of logic covered by it, ie. 
of the connectives, has not been answered by previous investiga- 
tions It seems to be the tacit assumption of many that this ques- 
tion is answerable in the affirmative In this book, it will be 
shown that the answer 1s negative, and more generally, that no 
calculus of the customary kind can fulfill the task of a full for- 
malization However, a full formalization of propositional logic 
will be shown to be possible by making use of new concepts. A 
similar analysis of FC will be made, which leads to analogous 
negative results And there likewise a full formalization of the 
logic of functions will be given by the construction of a new calcu- 
lus These results do not of course affect the value of the purely 
formal method of constructing calcul, they rather make the 
foundations of that method more secure 


The role of semantics in the development of logic 


Semantics — more exactly, pure semantics as here conceived 
— is not a branch of empirical science, it does not furnish knowl- 
edge concerning facts of nature It is rather to be regarded as a 
tool, as one among the logical instruments needed for the task of 
getting and systematizing knowledge As a hammer helps a man 
do better and more efficiently what he did before with his un- 
aided hand, so a logical tool helps a man do better and more effi- 
ciently what he did before with his unaided brain, that is, by 
means of instinctive habits rather than through deliberate acts 
guided by explicit rules. 

Aristotle’s logic was the first logical tool of this kind. It did not 
originate the human activity of drawing inferences; from the time 
when language developed to the point of containing compound 
and general sentences, man has deduced conclusions from prem- 
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ises without once mentioning the mood Barbara What was 
new in Aristotle’s logic was not the activity but its systematiza- 
tion, that is, the construction of explicit rules for it This made 
1t possible to replace instinctive acts of inference by deliberate, 
“methodical acts, and to examine critically the inferences made 
either instinctively or methodically 

The task of modern logic, as it has been developed since the 
middle of the last century, is fundamentally the same The dif- 
ference is only one of degree with respect to technical develop- 
ment, especially the multiplicity and efficiency of the tools As 
a result of this development it has become possible not only to in- 
crease the safety and precision of the deductive method in realms 
already known, but also to reach results which could not have 
been obtained at all without the new tools Although modern 
logic has already made a great advance in the degree of system- 
atization and explicitness, nevertheless it has been long in reach- 
ing a full methodological understanding of its own procedures 
This development of modern logic towards greater methodological 
consciousness is still going on and provides many of the basic 
problems for contemporary logical research 

Among the methodological tendencies or points of view in logic 
and especially in modern logic, two are of special interest for our 
present considerations The one tendency emphasizes form, the 
logical structure of sentences and deductions, relations between 
signs in abstraction from their meaning The other emphasizes 
just the factors excluded by the first viz , meaning, interpreta- 
tion, relations of entailment, compatibility, incompatibility, etc , 
as based on meaning, the distinction between necessary and con- 
tingent truth, etc The two tendencies are as old as logic itself 
and have appeared under many names. Using contemporary 
terms, we may call them the syntactical and the semantical tend- 
encies respectively Theoretically they are not incompatible, but 
rather complementary to each other; yet in the historical develop- 
ment we find that logicians have sometimes emphasized one of 
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them at the sacrifice of the other Usually, however, both points 
of view were combined without explicit distinction It took many 
decades, even after modern logic was under way, before each of 
them was clearly recognized in its nature and represented by a 
pure method of its own. The formal, syntactical method was the 
first to be developed, and its emergence was stimulated by certain 
trends within mathematics, namely, the generalization of algebra, 
and the development of the postulational method especially in 
geometry The elaboration of the formal method in logic is chiefly 
due to the works of Frege, Hilbert, and their followers. The main 
features of this method have often been described and discussed. 
The best description and analysis of its historical development 
has been given by Milton B Singer in a study which will, I hope, 
soon be published The development of the semantical method in 
a form clearly distinguished from the syntactical method is still 
in its first phases Its ongin in the Warsaw School of Logic and 
the first steps made by Tarski towards its systematization have 
been mentioned in the preface to Volume I of this series. Each of 
the two methods has the function of making systematic and ex- 
plicit certain procedures which have been practically applied in 
traditional logic for the last two thousand years and, in a more 
elaborate and exact way, in modern logic for the last hundred 
years Today it is generally recognized that the long-run tend- 
ency of gradually increasing formalization has found its necessary 
systematization in the modern syntactical method. In my opin- 
ion an analogous necessity prevails for a systematization of the 
long-run semantical tendency 

The decisive steps in the development of logic — e g. Aristotle’s 
syllogistic rules, Boole’s creation of symbolical logical calculi, and 
the initiation of the syntactical method by Frege and Hilbert, to 
mention only a few outstanding phases — all consist essentially 
in the invention of the kind of tools described above, i.e. proce- 
dures guided by explicit rules come to replace certain more or less 
instinctive procedures in the activity of thinking and especially 
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the activity of deductive inference It is important to realize that 
this development did not reach its end in the construction of the 
syntactical method Some essential features in the contemporary 
work of logicians are guided by instinct and common sense, al- 
though they could be guided by explicit rules These rules, how- 
ever, would be not syntactical but semantical This will become 
clear if we give a few examples from contemporary logical investi- 
gations 

One of the important questions investigated in modern logic is 
that of the completeness of given logical systems. Sometimes this 
question is meant in a clearly syntactical way, it is the question 
whether a given calculus is such that every sentence belonging to 
it is either provable or refutable (ie its negation is provable). In 
other cases, the question of completeness is meant in another 
sense. Take for example Godel’s theorem of 1930 concerning the 
completeness of a certain calculus (the so-called lower functional 
calculus similar to FC, but containing predicate variables) He 
formulates it in the following two ways (1) ‘Every formula (ie 
sentential function of the calculus in question) which is univer- 
sally valid is provable”’, (2) “Every formula is either refutable or 
satisiable ” We find two different kinds of terms occurring here 
The terms ‘provable’ and ‘refutable’ are obviously syntactical. 
They are exactly defined on the basis of the rules of the calculus 
in question; and those rules are explicitly stated in the form of 
primitive sentences (axioms) and rules of inference Thus we are 
given everything required for an exact understanding and use of 
these terms Not so for the terms ‘universally valid’ (‘‘allgemein- 
gultig’’) and ‘satisfiable’ (“‘erfullbar”) They are explained in the 
following way a formula (a sentential function of the calculus in 
question) is called universally valid if it is true for all values of the 
free variables, it is called satisfiable if there are values of the free 
variables for which it is true. Clearly these two terms are not of a 
syntactical but of a semiantical nature Ina theory of semantics 
they could be exactly defined on the basis of the concept of enti- 
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ties satisfying a sentential function (this is the basic concept in 
Tarski’s semantics, see ‘fulfillment’, Volume I, §11) Godel’s 
theorem is accordingly of a peculiar nature which is usually not 
recognized: it combines syntactical and semantical concepts, in a 
more exact formulation it would state a relation between a syn- 
tactical and a corresponding semantical system The terms 
‘universally valid’ and ‘satisfiable’ play an important role in 
contemporary logical investigations, especially in problems of com- 
pleteness and in the so-called decision-problem (‘‘Entscheidungs- 
problem”) Other terms of a semantical nature which are 
frequently used are ‘true’, ‘false’, ‘truth-value’, ‘values of a vari- 
able’, etc The decisive point is this while the syntactical terms 
used by logicians are exactly defined and belong to a well-con- 
structed and recognized theory (namely syntax), the same is not 
true for the semantical terms These are merely explained in an 
informal manner, without a theory as framework for them No 
rules constituting semantical systems corresponding to the calculi 
in question are given, although such rules would serve as a basis 
for the semantical terms used Thus the understanding and the 
use of these terms is left to common-sense and instinct It is 
assumed that the reader knows how to interpret and use them on 
the basis of his knowledge of everyday language This assumption 
is perhaps correct to some extent Similarly, however, most people 
know how to use the terms ‘all’ and ‘some’ before a logician ex- 
pounds Aristotle’s rules to them Once we concede that it is 
essential for the development of logic to give explicit rules for all 
terms which play a central role, then we see that the demand for 
such rules in the case of the semantical terms is at least as urgent 
as in the case of ‘all’ and ‘some’ It should be noted that the 
semantical terms used in recent investigations do not merely 
serve for incidental explanations or illustrations outside of the 
theory dealt with, but are essential to that theory; this is shown 
by the fact that they occur in the very formulations of the prob- 
lems and the theorems. 
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It should be clear that the foregoing remarks concerning cus- 
tomary formulations in contemporary logic are not meant as a 
criticism of the authors, but simply as a critical descnption of the 
present status of the metalanguage commonly used by logicians 
I wish merely to call attention to the fact that this customary 
language contains both syntactical and semantical terms Once 
we are aware of this fact, we can see that, in order to improve the 
method of logic, we need a systematically constructed semantics 
as urgently as we previously needed a systematically constructed 
syntax (theory of proof) [Hilbert and Bernays, in Grundlagen 
der Mathematik, vol I, distinguish between two theories, called 
theory of proof (‘‘Beweistheorie”’) and set-theoretic logic (‘‘men- 
gentheoretische Logik’) respectively From their explanations 
it becomes clear that, in our terminology, the first is syntax, the 
second is semantics The explanations given for set-theoretic 
logic may indeed be regarded as the beginning of a systematiza- 
tion of semantics. The fundamental difference between those dis- 
cussions in the book mentioned which are syntactical and those 
which are semantical would become clearer if the distinction 
between expressions and their designata were observed more 
strictly ] 


The value of semantics for philosophy and science 


In the course of these last few decades the importance of logical 
analysis — sometimes called analysis of language, sometimes 
analysis of knowledge — for theoretical philosophy and for the 
methodology of science has been more and more widely acknowl- 
edged Many of us even hold the view — first emphasized by 
Russell, and substantiated by his work — that logic is the very 
foundation of philosophical and methodological investigation 
Hence, if it is true that the progress of logic in its present phase 
requires the development of a systematic semantics, the indirect 
value of semantics for philosophy and science becomes clear It 
is the purpose of these Studies to help in the construction of se- 
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mantics — that was the special aim of the first volume — and 
then to show possibilities of its application The present volume 
gives an example of an application to a fundamental problem in 
logic, an application to philosophical problems in the narrower 
sense is not here intended Some very brief indications of the 
relevance of semantics for certain philosophical problems have 
been given in the appendix to Volume I (§ 38). That scientists in 
talking about theories and hypotheses continually use concepts 
which belong to L-semantics, has been shown by a few examples 
in Volume I, pp 61f A few first steps, still rather elementary 
and tentative, towards an application of semantics to the meth- 
odology of empirical science have been made in my Encyclopedia 
monograph (see Bibliography) I am convinced that many other 
workers will soon recognize the value of semantics as an instru- 
ment of logical analysis, will help in developing and improving 
this instrument, and will then apply it to the clarification and 
solution of their special problems in various fields 


The next volume 


In the next volume of these Studies in Semantics, I intend to 
deal with modal logic, ie the theory of such concepts as logical 
necessity, possibility, impossibility, etc (see Volume I, § 38d) 
It is amazing that modal logic, having been originated in its 
modern form by C I Lewis in 1918, has not made any essential 
progress since then There have been numerous publications in 
this field, some of them, especially in recent years, with interesting 
and fruitful results However, all these investigations continue to 
confine themselves to the same field as Lewis’ systems they in- 
vestigate the modalities in connection with the most elementary 
logical system, namely propositional logic. It seems that as yet 
the modalities have not been introduced into the more important 
logic of functions. The construction of this more interesting but 
also much more complex system, both in semantical and in syn- 
tactical form, will be the chief task of the next volume Then, in 
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addition to logical modalities, other kinds of modalities will be 
studied, among them the concepts of causal necessity, possibility, 
etc Further, the question will be discussed whether modal con- 
cepts (in the widest sense, including all concepts which are not 
extensional or truth-functional, compare § 12) are useful or even 
necessary in certain special fields, e g in the metalanguage used 
for semantics and perhaps in psychology, in statements concern- 
ing believing, knowing, and simular propositional attitudes 
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FORMALIZATION OF LOGIC 


§1. Introduction: The Problem of a Full Formaliza- 
tion of Logic 


The problem is whether — and in what way — 1t 1s possible 
to construct a calculus as a full formalization of propositional 
and functional logic, 1e such that the principal logical signs 
can be interpreted only in the normal way New basic concepts 
for syntax and semantics will be required for this purpose 


In Volume I of these Studies im Semantics, we have de- 
veloped concepts of syntax referring to calculi and concepts 
of semantics referring to semantical systems. Further, 
there were concepts relating semantical systems and calculi, 
especially the concepts of the different kinds of interpreta- 
tions — true, false, L-true, L-false interpretations, etc. 

Tf we look at a calculus from the point of view of semantics, 
then we might say that it formalizes certain semantical 
features of expressions Thus eg the fact that a certain 
sentence © is true is itself of a semantical, not a syntactical, 
nature. But it can be formalized, i.e. mirrored in a syntac- 
tical way, if a calculus K is constructed in such a way that 
G, is C-truein K. Analogously, the equivalence of G, and ©, 
may be mirrored by their C-equivalence in K But L-con- 
cepts also may be mirrored formally, e g. L-truth by C-truth, 
L-implication by C-implication. In general, we might define 
the concept of a formalization of a semantical property in 
the following way. A radical semantical property F of an 
expression 9, 1s formalized in K =p; %, has the property F 
in every semantical system which is a true interpretation for 
K. And an L-semantical property F of %, is formalized in 
K =p: &, has F in every L-true interpretation for K. Analo- 
gously for semantica] relations 

Having a certain designatum is also a semantical property 
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of an expression. It is easy to see that, in the case of a de- 
scriptive sign, a property of this kind cannot in general be 
formalized. Thus e.g. it is not possible to formalize the 
property of ‘a’ designating Chicago and the property of ‘P’ 
designating the property of being large — in other words, it 
is not possible to construct a calculus K in such a way that 
in every true interpretation for K ‘a’ and ‘P’ have the 
designata mentioned. If a true interpretation for K with 
these designata is given, another true interpretation for K 
with different designata can always be constructed. 
Whether or not logic can be completely formalized is an 
important question for the foundations of logic. If the ques- 
tion is taken simply in the ordinary sense, as referring to a 
formalization of logical deduction —in other words, to a 
formalization of the relation of L-implication — then the 
answer is of course in the affirmative. L-implication can in 
general be formally represented by C-implication (concern- 
ing some difficulties and qualifications, see [Foundations] 
§ 10, at the end). But we will take the question here in a 
stronger sense. If a calculus K containing the ordinary 
connectives of propositional logic could be constructed in 
such a way that it would formalize all essential properties 
of these connectives so that it would exclude the possibility 
of interpreting the connectives in any other than the ordinary 
way, then we should say that K was a full formalization of 
propositional logic. And if K should, in addition, impose the 
ordinary interpretation on the universal and existential 
operators, we should speak of a full formalization of func- 
teonal logic. The principal problem to be dealt with in this 
book is the question whether, and how, a full formalization 
of logic is possible, in the sense just indicated, which will be 
made more precise later. It is well known — it was shown 
first by E. L. Post — that the concept of L-truth within 
propositional logic is formalized in the ordinary propositional 
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calculus, which we call PC; the same holds for L-implication. 
Further, it is easy to see that some essential logical properties 
of the connectives reveal themselves in the L-truth of certain 
sentences and in the L-implication between certain sentences 
in which the connectives occur [Thus, e.g., it is character- 
istic of the sign of negation ‘ ~’ and the sign of disjunction 
‘ y’ that every sentence is an L-implicate of {G,, ~G,}, that 
G, V G, is an L-implicate of S, and also of S,, that S$. Vv ~G, 
is L-true, etc.] Thus one might perhaps be led to the assump- 
tion that PC is a full formalization for propositional logic. 
The subsequent discussions (Chapter C), however, will come 
to the surprising conclusion that this is not the case. We 
shall find non-normal interpretations for PC — that is to 
say, true and even L-true interpretations for PC in which the 
connectives have an interpretation different from the normal 
one as given by the normal truth-tables (NTT). And this 
holds not only for PC but likewise for any other calculus con- 
structed with the help of the customary syntactical concepts. 
In spite of this, a full formahzation will be found to be possi- 
ble by the construction of a new calculus PC* (Chapter E). 
This, however, requires entirely new basic concepts for syn- 
tax. These concepts will be applicable not only to the propo- 
sitional calculus but to calcul in general, and likewise to 
semantical systems (Chapter D). 

The investigation of propositional logic will take up the 
greater part of this book. The results can then easily be ex- 
tended so as to apply to functional logic (Chapter F). The 
result is analogous. The ordinary functional calculus FC 
(taken here with individual variables for a denumerable 
field of individuals, without predicate variables) admits of 
non-normal interpretations for the universal and existential 
operators, as is well known. A new calculus FC* will be 
constructed on the basis of PC* such that it imposes the 
normal interpretation upon the operators. 
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At several places in [I] (ie. Volume I of these Studies, see 
Bibliography) we found symptoms of a thoroughgoing lack 
of symmetry in the foundations of semantics and syntax (e g. 
in [I] pp 38f., 72, 77, and 172). We shall find that the in- 
troduction of the new concepts will remove these defects and 
thereby lead to a simpler and more uniform structure of the 
system of concepts both in syntax and in semantics. 


The development toward a formalization of logic begins, n a certain 
way, with the very beginning of systematic logic, m Anstotle Leibniz 
emphasized the formal method in his construction of various calculi. 
But his ideas were all but forgotten by his successors, until a new 
development began about the middle of the last century with the 
creation of symbolic logic It was Frege (1893) above all who recog- 
nized the importance of the formal method and carried it through in 
an exact way, while simultaneously insisting that a logical system 
should not be regarded merely as a formal calculus but should, in ad- 
dition, be understood as expressing thoughts 

It 1s to be noted that we use the term ‘formal’ here always in the 
strict sense of “im abstraction from the meaning”, hence as synony- 
mous with ‘syntactical’ (see [I] § 37, ‘Formal’, meaning III, and [I] 
Pp 10), in contradistinction to the weaker meanings “general” (mean- 
ing I), and “logically valid” (meanmg II) The difference between 
II and III might be described in this way: in using the term ‘formal’ 
in meaning II, abstraction 1s made from the meaning of the descriptive 
signs but not from that of the logical signs [Thus, for mstance, the 
sentence ‘P(a) VY ~P(a)’ 1s called formally true (II) because its truth 
1s logically necessary on the basis of the meaning of ‘ V ’ and ‘~’ (as 
given by the truth-tables), dependent of the meaning of ‘P’ and ‘a’ | 
On the other hand, m the method which we call formal (in meaning 
TID) or syntactical, abstraction is made from the meaning of all signs, 
including the logical ones [For instance, in a suitable calculus, the 
sentence ‘P(a) V ~P(a)’ 1s shown to be C-true (provable) on the basis 
of rules which are formal in the strict sense III inasmuch as they do 
not refer to the meaning of any signs, not even of the connectives | 


A. THE PROPOSITIONAL CALCULUS (PC) 


Chapter A contains an analysis of the ordinary propositional 
calculus PC. Different forms of PC are distinguished The 
four singulary extensional connectives (eg negation) and the 
sixteen bmary (eg disjunction) are syntactically character- 
ized. Syntactical theorems concerning the connectives in PC 
are proved This chapter serves chiefly to prepare for the later 
discussions in Chapters B and C 


§ 2. The Calculus PC, 


PC, 1s the Hilbert-Bernays form of PC, with signs of negation 
and disjunction as the only connectives. 


In what follows, we shall use the C-terminology for syntax 
([T] § 28). The following table shows the correspondence be- 
tween the customary terms and the C-terms. 


Customary TERMS C-TERMS 
denvable C-implicate 

directly derivable direct C-umplicate 
provable C-true 

primitive sentence direct C-implicate of A 
refutable C-false 

directly refutable directly C-false 
equipollent C-equivalent 
decidable C-determinate 
undecidable C-indeterminate 


The correspondence of terms in the table above is here, with respect 
to PC, astrict synonymity Since PC does not contain a rule of refutae 
tion, ‘refutable in PC’ and ‘C-false in PC’ are both empty, ‘C-imphi- 
cate in PC’ coincides with ‘derivable m PC’, and ‘C-true in PC’ 
coincides with ‘provable in PC’ ([I] T29-54) Sometimes, but not fre- 
quently, a rule of refutation has been added to PC. It seems that in 
every calculus of this kind which has been constructed so far, every 
directly C-false (directly refutable) £, is such that every sentence is 
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derivable from it Therefore, for these calculi as well, the coincidences 
mentioned hold ({I] T29-55) 


We shall use ‘PC’ as a common name for the different 
forms of the ordinary propositional calculus. (We shall later 
explain more in detail which calculi are meant as forms of 
PC.) The different forms vary with respect to the choice of 
primitive signs, primitive sentences, and rules of inference, 
but they are known to agree with respect to possible results 
of proofs and derivations. Hence, if two forms contain the 
same sentences, they are coincident, although not directly 
coincident, calculi ([I] D31-9 and 8). 

As an example of a form of PC, we shall take here the one 
constructed by Hilbert and Bernays (it is constructed out 
of Russell’s form in [Princ Math ] by a simplification due to 
Bernays) It uses as primitive signs those of negation, 
(‘~’) and disjunction, (‘ v’) (the subscript ‘C’ will be ex- 
plained in § 3). We call this form of PC the calculus PC. 
Another similar form will be called PC?; it contains further 
connectives defined on the basis of the two primitives men- 
tioned PC, does not contain rules of refutation. 


A general connective (D1) is a sign that can be applied 
to any closed sentences as components (arguments). A 
connective is said to be of degree n if it is applied to ” 
components. Connectives of degree one are also called sin- 
gulary connectives, those of degree two binary. (As in [I], 
the more important definitions and theorems are marked 
by 6 aA) 

+D2-1. a, is a general connective of degree n in a 
calculus K (or in a semantical system S) =p¢ K (or S) con- 
tains closed sentences, and for every m-term sequence of 
closed sentences in K (or S respectively) there is a full sen- 
tence of a, in K (or S) with that sequence of components. 


If a, is a singulary and a; a binary general connective, then 
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we designate the full sentence of a, with the component 6, 
by ‘a,(S,)’ and the full sentence of a; with the components 
6, and 6, by ‘a,(G,,6,)’. 
+D2-2. K contains PC, with neg¢ as sign of negation, 
and dis, as sign of disyunctionc =p; the calculus K fulfills 
the following conditions: 
a. negc is a singulary and disc a binary general 
connective in K. 
b. The relation of direct C-implication (<2 ) holds 
in the following cases for any ©,, 6,, and G 
(but not necessarily only in these cases): 
1. A = disc(neg-(disc(S.,S,)),6,). 
2. A a dis-(negc(G,),disc(S,,S,)). 
3. A qe dis,(neg¢(disc(S.,S,)) ,disc(G,,S,)). 
4. A x disc (negc(disc(negc(S,), S,)) ,dise(nege 
(dis.(Sx,S.)),disc(Sx,S,))). 
5. {S,, dis,(negc(S,),S,)} x SG 
By (1) to (4) all sentences of four specified forms are declared 
to be direct C-implicates of A, in other words, primitive sen- 
tences in K (see the customary formulation below). (5) is 
the rule of implication. The definition does not exclude the 
possibility that K contains still other rules of deduction, e.g. 
further cases for direct C-implication or rules of refutation. 
The customary formulation of the rules of deduction for PC; with 
propositional variables 1s the following: 
Primitive sentences of PC: 
a. ‘~(p Vp) V2’. 
b. '~ pv(pVvq)’. 
c. ‘~ (p Vg) VG Vd)’. 
d. ‘~ (~ pV) V(~ (VP) V(r V9)’. 
Rules of inference for PC,: 
a. Rule of substitution. From 6,, 6,(&)is directly derivable. 
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b. Rule of imphcation (in disjunctive form) From ©, and 
~ G6, V S,, ©, 1s directly derivable 


D2 1s formulated in such a way — as 1s often done — that no propo- 
sitional variables are required, such variables may or may not occur 
in K But K cannot have only propositional variables as ultimate 
components for the connectives, 1t must also contain closed sentences 
(see D1) In D2, not merely four sentences but an infinite number of 
sentences are taken as primitive sentences (D2b, z to 4), these are 
the same sentences as those which, in the form just mentioned, are 
constructed out of the pnmitive sentences by any substitutions 
Hence, in D2, no rule of substitution 1s necessary 


An example of a calculus containing PC; 1s K, described in [T] 
§§ 27 and 30. 


§3. Propositional Connections, in PC 


Syntactical concepts for the four singulary and the sixteen 
binary propositional connections, are introduced (see table). 
PC? is a calculus contamng primitive signs of negationg and 
disyunction, and defined signs for the other connections 


We shall summarize in this section some of the known 
features of the propositional connections occurring in PC. 
There are two customary ways of constructing a system for 
the propositional connectives, one by the use of primitive 
sentences and rules of inference, the other by the use of truth- 
tables The second method, however, gives truth-conditions 
for the sentences and thereby interprets them. Hence, it 
does not belong to syntax but to semantics. Therefore the 
name ‘Propositional Calculus’ is appropriate only to a sys- 
tem of the first kind. For a system of truth-tables, that 
term, although customarily used, might better be replaced 
by a term like ‘Propositional Logic’. 

There 1s also a syntactical method analogous to that of the truth- 
tables It uses tables with arbitrary values (e g. numerical values) or 


unspecified values instead of truth-values. This method, in contra- 
distinction to that of truth-tables proper, can also be used with any 
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other number of values than two (so-called many-valued systems). 
Instead of the term ‘truth-table’, the wider term ‘value-table’, which 
does not preyudge the question of the mterpretation of the values, 
should be used, often the term ‘matrix’ 1s used A system based on 
formal tables of this kind 1s then a syntactical system, a calculus. 
[For explanations of the formal method of value-tables (‘method of 
matrices”), see Lukasiewicz and Tarski [Untersuchungen], pp 3, 4.| 


In propositional logic there are four singulary and sixteen 
binary extensional connectives (see § 10). In a system of 
PC, corresponding connectives are used. In the interpreta- 
tion of PC most frequently used (we shall call it the normal 
interpretation) the connectives are interpreted as the corre- 
sponding extensional connectives, this is the reason for their 
customary names (e.g. ‘sign of negation’, ‘sign of disjunc- 
tion’, etc.) even in syntax. We shall use these names here, 
but with the subscript ‘C’ added (see D2-2 and 3 and the 
subsequent table, column (2)) It 1s, however, to be noted 
that we do not intend by this to decide on the interpretation 
of the connectives. If S is a true or even an L-true interpre- 
tation for K, then a sign of negation, in K is not necessarily 
a sign of negation in S. [‘Sign of negation,’ is a syntactical 
term to be defined in this section, ‘sign of negation’ is a 
semantical term to be defined by D11-23. Sometimes we 
shall also write ‘connections¢’ in order to emphasize the syn- 
tactical nature of this concept.] In examples, we shall often 
make use of the customary signs ‘ ~’ and ‘ v’, in more exact 
formulations in the syntax language, however, we make use 
not of these customary signs, enclosed in quotation marks, 
but of their syntactical names ‘neg,’ and ‘dis,’ (see D2-2), 
thus leaving the particular shapes of the signs undetermined. 


The fable contains syntactical expressions referring to the 
4 + 16 propositional connectionse and connectives, i.e. signs 
of connectionsg, with the exception of the few examples of 
customary connectives in column (3), which belong, of 
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course, to the object language. The reason for distinguish- 
ing just four singulary and sixteen binary connectionsc is 
of a semantical rather than a syntactical nature; it will be- 
come clear in the later explanation of the semantical con- 
cepts of the corresponding connections (§ 10). 


SYNTACTICAL CONCEPTS OF PROPOSITIONAL CONNECTIONS¢ AND 


CoNNECTIVES IN PC 
(x) (2) (3) | (4) (s) 
Connectionso Connectsves 
Abbre- Custom-| Syntac- 
viation Ordinary Name ary tical Expression un PC; 
Symbol| Name 

I The four singulary connectronsc 
cConn} | tautologye cb: 6V~S, 
cConn} | (identityc) che SG 
cConn} | negationc ~ | cbs (nege) | ~S, 
cConn} { contradictionc cbs ~(G.V ~S.) 

IY The sixteen binary connechtonse 
cConn}? | tautology eth GOV~G, 
cConn2 | disjunctiong Vjote(diso) | 6G VS, 
cConn} | (inverse imphicationc) cla GV ~S, 
cConn}? | (first component) cts SG, 
cConn?, | implicationg > |ctsGmpc)| ~S. VS, 
cConn? | (second component) cts 1" 
oConn? | equivalenceg = | ctz(equce) | ~(~G. V ~G,) V~G. VS) 
oConn? | conjunctione * | ets(conc) | ~(~S, V ~S,) 
cConn?, | exclusionc | cts ~S,V~G, 
cConn?, | (non-equivalencec) Cio An. VS) V~CG.V ~S) 
cConn}?, | (negatione of second) ct ~S; 
cConn3, | (first alone) clin ~(~G. VS) 
cConnj, (negationcg of first) cls ~G 
eConn?, | (second alone) clu ~G.V~G,) 
eConn?, | bi-negationc ctr ~Gi VS,) 
cConn?, | contradictionc tis ~G.V ~S,) 
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The terms ‘sign of negation, in PC,’ and ‘sign of disjunc- 
tion, in PC,’ have been defined in D2-2, ‘neg,’ and ‘dis,’ 
are used as names of signs of these kinds. We shall now de- 
fine syntactical terms for the other connections,, listed in 
columns (1) and (2) of the table with respect to PC, (D1 and 
2; see the later example for D2(5)) The more general con- 
cepts with respect to any other form of PC will be defined 
in § 4. 

+D3-1. (1) G; is a sentence of (Conn; (or a tautology, 
sentence) with ©, (as component) in PC, in K =p, K con- 
tains PC, and ©, is C-equivalent in K to dis,(@,,neg-(G,)). 

(3) Gz is a sentence of Conn} (or a negation, sentence) with 
G, (as component) in PC, in K =p, K contains PC, and ©, 
is C-equivalent in K to neg,(6,). 

(2) and (4) are analogous, see explanation below. 


+D3-2. (1) G; is a sentence of -Conn’ (or a tautology, 
sentence) with ©, and G6, (as components) in PC, in K 
=p, K contains PC; and ©, is C-equivalent in K to 
dis,(S,negc(S,)). 

(2) ©, is a sentence of Conn; (or a disjunction, sentence) 
with 6, and G, in PC, in K =, K contains PC, and &;, is 
C-equivalent in K to dis,(S,,6,). 


(5) Gz is a sentence of (Conn§ (or an implication, sentence) 
with 6, and 6, in PC, in K =p, K contains PC; and 6; is 
C-equivalent in K to dis,(neg,(G.),G,). 


(8) G, is a sentence of (Conng (or a conjunction, sentence) 
with 6, and 6, in PC, in K =), K contains PC, and 6, is 
C-equivalent in K to neg,(disc(neg,-(,) negc(S,))). 
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(3), (4), (6), (7), (9) to (26) are analogous. Each of the 
four definitions in Dz and the sixteen in D2 is constructed 
in the following way. The terms in the definiendum are those 
in columns (1) and (2) of the table, the sentence mentioned 
at the end of the definiens is that described in column (5) of 
the table on the line in question (where, for the sake of brev- 
ity, ‘~G,,’ is written for ‘neg,(G,,)’, and ‘6,V 6,’ for 
‘ disc(Gm;Gn)’). 

D3 is a definition schema furnishing four definitions if the 
numerals ‘1’ to ‘4’ are taken as subscripts in the place of 
‘gq’. Likewise, D4 furnishes sixteen definitions with ‘1’ to 
‘36’ in the place or ‘rv’. Subsequent definitions, theorems, 
and explanations containing a subscript variable ‘g’ or ‘r’ 
are to be understood analogously. 

+D3-3. a, is a sogn (or connective) for (Conn; (q = 1 to 
4) in PC,in K =p:K contains PC,, a, is a general connective 
in K, and, for any closed sentence 6, in K, the full sentence 
a,(G,) is a sentence for (Conn} in PC, in K. 

+D3-4. a; is a sign (or connective) for (Conn? (r = 1 to 
16) in PC, in K =p; K contains PC;, a, is a general connec- 
tive in K, and, for any closed sentences 6, and G, in K, the 
full sentence a,(G,,G,) is a sentence for (Conn? in PC, in K. 

If there is a sign for (Conn; (g = 1 to 4) in PC in K, we 
shall use ‘<b,’ as a syntactical name for it; analogously, 
‘ocr’ (ry = 1 to 16) for a sign for (Conn? (column (4) of the 
table) Instead of ‘,b3’ we usually write ‘neg,’. Instead of 
‘ote’ we usually write ‘dis,’, likewise, for = 5, 7, or 8, we 
usually use ‘imp,’, ‘equ,’, and ‘con,’ respectively. 

Examples, for r = 5. The sentence disc(negc(G,),G,), and like- 
wise any other sentence which is C-equivalent to 1t, is called a sen- 
tence of cConnj or a sentence of implication with G, and G, in PC, 
in K (Da(5)). Thus, uf K contains PC, it always contains umplica- 


tionc sentences, even if the signs of negationc and disjunctionc ,are 
the only connectives If K contaims a general connective a;, such that 
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its full sentence with any closed components ©, and G, is always 
C-equivalent to the sentence disc(negc(G.),G,), then a, is called a 
sign of cConn{ (D4(5)) or of mmplicationc, and ‘ct,’ or ‘mpc’ 1s used 
as a name for it. 


The expressions in column (5) of the table show how all 
singulary and binary connections, can be expressed in PC,. 
Therefore, these expressions may be taken as definientia 
in definitions of signs for these connections¢, on the basis of 
the signs for negation, and disjunctionc as primitives. 


Example A defimtion of a sign of conjunctionc cts may be formu- 
lated as follows. “‘cts(G,,G,) for negc(disc(nege(G,), negc(S,)))”. 
Compare [I| § 24 concerning definition sentences and definition rules. 
A definition rule is here regarded as an additional rule of mference, 
which states that two sentences (eg ‘ADC.D’ and ‘AD~ 
(~ CV ~D)’ in the above example) which differ only in two expres- 
sions of the forms of the definiendum (‘C . D’) and the definiens 
(‘~ (~ CV ~D)’) are direct C-implicates of each other. 


The form of PC containing all the definitions indicated by 
column (5) on the basis of PC, will be called PC? (D6). 
Hence, PC? contains a connective for each of the 4 + 16 
connections, listed. 

+D3-6. K contains PC? =p; K contains PC, and, in 
addition, definition rules on the basis of the signs of nega- 
tion, and disjunction, for signs for all other singulary and 
binary connections, with definientia as given in column (5) 
of the above table. 

‘a[b]’ in D7, and analogously in some of the subsequent 
definitions, theorems, and proofs, means that (a), i.e. here 
D3-7a, is to be read without the znsertions in square brackets, 
while for (b), here D3-7b, these insertions are to be added 
(or sometimes to be taken instead of the preceding expres- 
sion). 

D3-7a[b]. &, isa C-implicate of £,in K by PC, [PC"] 
=p¢ K contains PC, [PC7] and &, > &, in virtue of the rules 
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of deduction as given in D2-2b [and, in addition, the defini- 
tion rules of PC? as described in D3-6]. Analogously for any 
other C-term defined on the basis of ‘C-implication’. 


§4. Forms of PC 


The general concept of a calculus containing any form of PC 
and the concepts of the propositional connectionsc m a calculus 
of this kind are defined. 


Under what conditions shall we say that K contains a 
form of PC? K need not contain all the 4 + 16 connectives 
of PC?, it would suffice 1f K contained e.g. signs of negation, 
and disjunctiong (the primitives in PC;) or signs of negationg 
and conjunction, (the primitives in another form, PCs, see 
below). Suppose that K, is a sub-calculus of a calculus Ky, 
containing PC?, and that some of the connectives in PC? 
occur in K,. Then under suitable conditions we shall say 
that K, contains a form of PC. First, we shall require that, 
if I, T, in K,, and &, and &, belong to K, too, then 
, ~ T, in K,, in other words, that K, is a conservative 
sub-calculus of Kp ({I] D31-7; PC? usually does not contain 
rules of refutation). Second, K, must not be too poor a sub- 
calculus, if it contained eg a sign of conjunction, as the 
only connective we should not say that it contained a form 
of PC. K, must contain a sufficient set of connectives for 
building sentences for all 4 + 16 connectionsc. This can be 
formulated in a syntactical way by requiring that K, be a 
sub-calculus of K,, containing for every sentence ©, in Ky 
a C-equivalent sentence (Thus, e.g., if K, contains PC., 
this requirement is fulfilled, because for any sentence con- 
taining any connectives of PC? there is a C-equivalent sen- 
tence with the connectives of negation, and conjunction, 
only) But we have to admit still other calculi. Suppose 
that the connectives used in K, happen to be different from 
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those in K, but in such a way that they correspond strictly 
to those in K,,; in other words, that K, is isomorphic to K, 
(see [I] D31-10). In this case also we should say that K, 
contained a form of PC. These considerations lead to D1. 
It is to be noticed that K,, and K, may be identical, likewise 
K,, and K,, and hence K,, and Kp. 

D4-1. Acalculus K, contains (a form of) PC =p; there 
are calculi K,, and K, such that the following conditions are 
fulfilled: 

a. K,, contains PC?; 
b. K,, is a conservative sub-calculus of Ky; 
c. for every sentence 6, in K,, there is a sentence 
G, in K, (and K,,) which is C-equivalent to 6; 
in Kn; 
d. K, is isomorphic to K, by a correlation H. 
The following definition is analogous to D3-7. 

D4-2. T, is a C-implicate of ©, in K by PC =p; K 
contains PC by being isomorphic by a correlation H with a 
sub-calculus of a calculus K,, containing PC?, and &; ¢ &; 
in Kn by PC}, where &; is the correlate in K,, of ©, by H 
and &) that of £,. Analogously for any other C-term defined 
by ‘C-implication’. 

Now we can easily define the syntactical concepts ‘sign of 
negation,’, etc., with respect to any form of PC. 

D4-3. a, is a sugn (connective) for (Conn, (q = 1 to 4) or 
cConn? (ry = 1 to 16) in PC in K =p; K contains PC by be- 
ing isomorphic by a correlation H to a sub-calculus of a 
calculus K,, containing PC?, and a, is correlated by H to a 
sign for the same connectiong (i.e. (Conny or ¢Conn? re- 
spectively) in PC, in K,,. 


As previously in PC, now in general in PC, we shall desig- 
nate a sign for (Conn) by ‘¢b,’ and a sign for ¢Conn? by 


C08 
clr - 
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A number of other forms of PC besides PC; are known. Thus e g. 
each of the following sets of primitive signs 1s a sufficient basis for ex- 
pressing all connectionsg: signs for negationc and conjunctionc (PCs); 
negationc and implicatione (PC3), exclusionc (PC,, shown by Sheffer), 
bi-negationc (PC;, Sheffer) Suitable rules of deduction for these 
forms have been constructed for PC; by Frege, for PC, by Nicod and 
Qumne, for PC; by Quine. 

The systems mentioned are only a few examples For each of the 
bases mentioned, there 1s an infinite number of different forms Further, 
there are other bases besides those mentioned. For instance, a sign of 
negatione together with cts or cCiz or clu yields a sufficient basis, each 
of these systems 1s similar to PC; and to PC» since implicationc 
and conjunctiong can easily be expressed or defined [Defimentia 
for impc(S.,S,) cts(G,,G.), nege(ctia(G.,S,)), and nege(ctu(G,,S,)) 
respectively. 

The following sections (§§ 5 to 9) contain theorems con- 
cerning not PC in isolation but, rather, calculi containing 
PC. This difference seems slight, but it is essential for the 
later discussion of interpretation. Sometimes calculi are 
constructed in symbolic logic which do not contain PC as a 
part, but, so to speak, represent PC itself in a pure form, 
Le. as a calculus containing propositional variables as the 
only ultimate components (see “the customary formula- 
tion”, at the end of § 2). But in a calculus of this kind, 
every sentence is open and is either C-true or C-comprehen- 
sive (i.e every sentence is a C-implicate of it, [I] D30-6). 
This is a disadvantage for a discussion of interpretations. 
The customary interpretation is L-true, and hence all sen- 
tences in a pure form of PC become here L-determinate; 
there are no factual sentences. Moreover, the most con- 
venient and customary formulation of semantical rules for 
the normal interpretation, namely the truth-tables, cannot 
be directly used for such a form of PC, because the truth- 
tables apply only to closed sentences (see remarks on the 
rules of NIT, § 10). Therefore, for the discussion of inter- 
pretations we shall have to take into consideration not pure 
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forms but calculi containing PC with or without proposi- 
tional variables, but in any case containing closed sentences 
and hence other constants in addition to the connectives (in 
the simplest case propositional constants). For this reason, 
the syntactical discussions in the following sections will 
likewise refer not to a pure form of PC but to calculi contain- 
ing PC with closed sentences It is true that this will make 
the theorems more complicated It turns out that the re- 
sults also depend to some extent upon certain features of the 
calculus K in question outside of PC, e g upon the additional 
Tules of deduction of K. But it seems that by means of this 
the results formulated in the theorems of this chapter are 
more generally applicable. In the practical work in symbolic 
logic and in the logical foundations of mathematics, we deal 
in most cases not with pure forms of PC but with calculi 
containing PC Therefore it is important to see in what re- 
spect the features of the more comprehensive calculus in- 
fluence the properties of the propositional connections that 
occur. 


§5. Elementary Theorems Concerning PC 


Some well-known elementary syntactical theorems con- 
cerning the propositional connectionsg in PC are hsted for 
later reference 


Before we come to the discussion of our chief problem, 
namely the normal interpretation of PC (§§ 10 and 11) and 
the question of the possibility of non-normal interpretations 
(beginning in §15), we must study the syntactical features 
of PC, independent of any interpretation. This is the task 
of the rest of this chapter (§§ 5 to 9). The present section 
lists only some elementary and well-known theorems for 
the convenience of later reference. These theorems state 
some examples of C-truth, C-implication, and C-equivalence. 
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Proofs are not given because they are either known or easily 
constructed with the help of those known [Derivations for 
the cases listed in T2 and 3 may be found by first construct- 
ing a proof for the corresponding implicationg sentences with 
the help of the conjunctive normal form; see e.g. Hilbert 
[Logik], Kap. I, §§ 3 and 4.] It is essential that the theorems 
refer not only to the forms of PC but to any calculus K con- 
taining such a form; the theorems hold for any sentences of 
K no matter what other signs besides those of PC they may 
contain. This is especially important for theorems like Tal. 

Here, and in the further discussions as well, for the sake 
of simplicity, we shall refer mostly to the special form PQ. 
But, as can easily be seen on the basis of D4-1, the results 
hold likewise for any other sentences which are C-equivalent 
to those mentioned here by PC, or PC? or any other form 
with different primitive signs but the same connectives; and 
they hold also for the correlated sentences in any other form 
of PC. [Thus, for instance, if something is said about 
dis-(neg-(S,),S,), ie. ~S, V S,, in PC,, then the same holds 
for G, > G,, for ~(G, .~G,), etc.,m PC?, and for any cor- 
responding sentences in any other form of PC,] 


T5-1. If K contains PC, then any sentence of one of 
the following forms is C-irwe in K by PC: 
a. dis,(G,,negc(G,)). 
b. disc(neg,(G,),S,). 
T5-2. If K contains PC, or (for (h) and (q) to (t)) PC?, 


then in each of the following cases 6, is a C-implicate of &, 
in K by PC, or PC}, respectively. 
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Ts 6, 1s 

a. disc(Gn,Gn) Ga 

b. Gn disc(GSn, Gn) 
c. Ga discon, Sa) 
e {disc(Gu,Sz), nego(Sn)| Ga 

f. {disc(,,S,), negc(S;,)} Gn 

2. {diso(Gn, negc(Ga)), Sn} Gn 

h. {disc(S,,S,), mpc(Gn,S.)} Sn 

i. {disc(G,,,Gy), disc(Gn, negc(G,))} Gn 

k. {disc(Gy, diso(negc(Gn),S,»)), diso(Ss,Gm)} diso(S:,S,) 
1. {Gn, negc(G.)} any sentence (in K) 
m. nego(disc(negc(Gn), negc(G,.))) Gn 

Nn. nege(disc(negce(Gn), negc(Gn))) Ga 

q. cong(Gn, Gn Gn 

r. conc(Sa,Gn) Gn 

t.  (disc(G,, mpc(Gm,Sn)), disc(G1,Gm)} disc(Si,G.) 


T5-3. If K contains PC, or (for (n) to (u)) PC?, then in 
each of the following cases T, and &, are C-equivalent in K 
by PC, or PC?, respectively. 


T. 1s T, Is 
a. Gn nego(nege(Sx)) 
b. (Gna, Sa) nego(disc(nega(GSm), negc(Ga))) 
d. disc(Gn, Gn) dise(Gn, Gn) 
i. {dise(nege(Gn),S1), disc(negce(Gn),S.)} —dso(nege(disc(Gm,Gn)), Si) 
j. disc(Ga, disc(G.,S,)) disc(G,, disc(Gn,G,)) 
k. diso(disc(Gn,S,), Sp) diso(Gn, dise(G,,S,)) 
1. disc(Gn, Gn 
n. conc(Gn,Gn) nege(diso(nego(Gm), nego(Gs))) 
p. » Sr coe 
tr. conc(S,,Gn) cong(Gs,Sm) 
8. noe disc(negc(Gx),S) 
t. disoGn,S impo(nege(Gn), Ss) 
u. fimpe(G,, 3p, impol®.60) impo(dis¢(Ga,S,),S:) 
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§6. Extensible Rules 


The concept ‘extensible rule of mwnference’ is defined. In it- 
self it 1s not important, but 1t is needed for some later theorems. 
In a first reading, thes section may be left out. 


If a calculus K contains PC and, in addition, other rules 
of deduction, then it is not so much the additional primitive 
sentences as the additional rules of inference which have an 
influence upon the syntactical properties of the propositional 
connectionsc in K. In the present section, the property of 
extensibility which a rule of inference in a calculus con- 
taining PC may or may not have will be defined and studied. 
The results will be used in the later discussion. 

Let us regard as an example the rule of substitution for 
propositional variables ({), as it often occurs in calculi con- 


taining PC. According to it, 6,() is a direct C-implicate 
of 6, in K. If now we add any closed sentence in K, say G;, 
as a left-hand disjunctive component to each of those two 
sentences, we get dise(S.,6,(é)) and disc(@;,6,). It can 
easily be seen that for these two sentences the relation of 
C-implication in K still holds The same holds generally for 
apy application of the rule of substitution even if ©, is not 
closed, provided only that ©, does not contain a free variable 
which occurs freely in ©, or G, (see below, proof for T3a). We 
shall formulate this result by saying that the rule mentioned 
is extensible (with respect to a left-hand disjunctive com- 
ponent). 

We shall now define this concept in a general way. We 
take ‘dis¢(G;,#,)’ as designation of that sentential class 
which we construct out of &, by adding G;, as left-hand dis- 
junctive component to every sentence of @, (thus e.g. trans- 
forming {G, Se, Gs, .. J into {S, VGi, Si V So, Se V Sa, 
...}). The sentences of dis¢/(#,,6,) are constructed out of 
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those of &, by adding ©, as right-hand disjunctive com- 
ponent. Analogous designations are formed for other con- 
nections, (and likewise for the normal connectives in a 
semantical system, see § 10). 


D6-1. A rule of inference R in a calculus K is (exten- 
sible with respect to a disjunctive component, or briefly) 
extensible =p; K contains PC, and for any G,, &,, and G, 
in K, if ©, is a direct C-implicate of &, in virtue of R, and G, 
is either closed (i.e. does not contain a free variable) or at 
least does not contain a free variable also occurring freely 
in G, or any sentence of &,, then disc(,,8,) @ disc(Sz,S;) 
in K. 

In an analogous way we may define ‘extensible with re- 
spect to a left-hand implicative component’ by the condi- 
tion that imp¢(S:,8.) > impc(S;,,), and ‘extensible with 
respect to a conjunctive component’ by the condition that 
conc (Gz,%.)  conc(S;,S,). But these terms will be used 
only here in Tx and 2. [In the case of disjunction, and con- 
junction, we need not distinguish between extensibility with 
respect to left-hand and with respect to right-hand compo- 
nent, because these connectionsg are commutative (T5-3d 
and r).] 

The reason for the restricting condition with respect to 
©, in D1 will be explained later (see remarks on T28-10). 


T6-1. If a rule is extensible with respect to a disjunc- 
tive component, then it is also extensible with respect to a 
left-hand implicative component, and vice versa. (From 
T5-38 and t.) 


We shall see later that certain theorems in general syntax 
hold only for those calculi whose rules are extensible with 
respect to a disjunctive component; and this is the reason 
for introducing this concept. But there is no need in any 
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theorem for an analogous condition with respect to a con- 
junctive component, because every rule fulfills this condi- 
tion (T2). 

T6-2. If K contains PC, then any rule of inference of K 
(and hence also any instance of C-implication in K with a 
non-empty premiss class) is extensible with respect to a con- 
junc/ive component. 

Proof Let G, be a direct C-implicate or a C-implicate of a non- 
empty class @, in K, and G; any sentence in K. For every sentence 
G, of K,, GS, and @; are C-implicates of conc(G:,,) (Ts-2q and r) 
and hence of conc(@z,%,) ([I] T29-33 and 44) Hence each of the 
following items is a C-implicate of cong(Gi,8,) a &, ([1] T29-40), 
b {Gx,S,} (the same), c conc(G:,S,) ((b), Ts5-3p). 

Many forms of PC contain the rule of implication (or 
separation or abruption): “‘G, is a direct C-implicate of 6, 
and the implicationg sentence of G, and S,”. In some forms 
the implicationg sentence is formed with the help of a sign 
of implicationc; in other forms, as e.g. PC,, it is formed as 
disc(neg.(G,),6,). Thus we distinguish rules of implication 
in implicative and in disjunctive form. 

T6-3. In any calculus containing PC, each of the follow- 
ing rules, if it occurs, is extensible: a. the rule of substitution 
for propositional variables; b. the rule of implication in im- 
plicative form, c. the rule of implication in disjunctive 
form. 

Proof. a Suppose that ©, does not contain {, as a free variable. 
Then disc(G..,G, (&) 1s the same as (disc(G,,G.)) (&) and, hence, 
1s a C-mphicate of disc(Gi,S,) —b From Ts-2t —c From Ts-2k. 

T6-4. In any calculus containing PC, any definition 
Tule (of the customary form; see § 3) is extensible. 


Proof Tf an application of a definition rule leads from ©, to S,, 
then, for any &,, an application of the same rule leads from disc(G:,@,) 
to disc(Gi,S,). 


T6-5. If K contains PC, (either in the form given in § 2 
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or in a form using propositional variables and a rule of sub- 
stitution) or PC? (§ 3), then all rules of inference of PC, or 
PC? in K are extensible. (From T3a, c, and T4.) 

It can moreover be shown that, if K contains any form of 
PC, then all rules of inference of PC in K are extensible. It 
will be shown later that the rules of inference in the Lower 
Functional Calculus FC, are also extensible (T28-10). 


As remarked previously, the subsequent theorems in § 6 
to 9 refer to PC, or PC?, but they hold likewise for any other 
form of PC. 


T6-10. Let K fulfill the following three conditions: 

A. K contains PG, 

B. all rules of inference in K are extensible, 

C. K either contains no rule of refutation or, if it 
does, every directly C-false £, in K is such that 
every sentence in K is derivable from it. 

For any non-empty &,, S,, and G; such that ©, does not con- 
tain any free variable occurring freely in G, or in any sentence 
of &,, if &, > G, in K, then dis¢ (G:,8.) disc (Gz,S,). 


Proof Because of (C), ‘C-implicate in K’ and ‘derivable in K’ 
coincide ([I] T29-54a and ssa) Hence, if &,— G,, then there 1s a 


derivation D, leading from &, to ©, We transform D, into the se- 
quence of sentences D; by adding ©, as a left-hand disjunctive com- 
ponent to every sentence (Dz is not necessarily itself a derivation but 
is the skeleton of a denvation D3 which leads from disé(@i,8,) to 
disc(G;,G,).) Every sentence ©; in Dy1s ether (a) a sentence of §t, or 
(b) a primitive sentence of K or (c) a direct C-:mplhicate of a class Rp 
of preceding sentences in virtue of a rule of ference In the case (a), 
disc(G,,G,) 1s a sentence of disé(G;,,) In the case (b), disc(G:z,S,) 
is C-true m K (Ts5-2c) The first sentence of Dz belongs e:ther to 
(a) or to (b), therefore (a): it is a C-umphicate of disg(Gx,8,) ((I] 
T29-33 and 74). In the case (c), because of condition (B), disc(G:z,S,) 
is a C-implicate of disé(Gz,®,), which 1s a class of preceding sentences 
in De Thus (@): for any sentence ©,, in De the following holds. if 
every sentence preceding G,, is a C-implicate of disé(G;,8,), then the 
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same holds for ©, ([I] T29-40 and 44) According to the principle of 
induction (transfinite duction if D; 1s a transfinite denvation, see 
[I] § 25 at the end), it follows from (a) and (f) that every sentence of 
Ds, and hence also disc(G,,S,), is a C-implicate of dis6(Gz,8,). 


+T6-12. Let K fulfill the conditions (A), (B), and (C) in 
Tro. If ©, is closed and ©, > ©, in K, then any implica- 
tion, sentence with G, and G,, e.g. dis,(neg¢(G.),G,), is 
C-true in K. 


Proof Under the conditions stated, disc(negc(G,),©;,) 1s C-true mn 
K (Ts-1b). Further, disc(negc(G,),S,) @ disc(negc(S,),S,) mn K, be- 
cause G, > G, and negc(G,) is closed (T1o) Therefore disc(negc(S;), 
G,) 1s also C-true in K ((I] Tz9-70) Any other implicationc sentence 
1s C-equivalent to this sentence (D3-2 (s)) and hence also C-true. 


The reason for the condition in T12 that ©, be closed becomes 
clear by the followmg counter-examples 1 In a calculus contaming 
propositional variables, ‘q’ 1s a (direct) C-implicate of ‘p’ (by sub- 
stitution), but ‘~ pVq’ 1s not C-true 2 In the functional calculus 
(§ 28), ‘P(x)’ @ ‘P(a)’, but ‘~P(x) Vv P(a)’ (or ‘P(x) D P(a)’), which 
1s C-equivalent to ‘(x)(P(x) D P(a))’, is not C-true. 

In Tr2, ©, is required to be closed It would not suffice to require 
that ©, do not contain a free vanable which does not occur as a free 
variable in ©, ‘This is shown by the following counter-example. 
‘p’ @‘~P’ (by substitution), but ‘~pV ~p’, which 1s C-equiv- 
alent to ‘~’, 1s not C-true 

Tx2 1s a theorem of general syntax It may be called the general 
deduction theorem Tx4b and T28-11 are special applications of this 
theorem for the propositional and the functional calculi respectively. 
A theorem similar to T28-11 has been called deduction theorem by 
Hilbert and Bernays [Grund] Math I] p 155 


T6-14. If K contains PC, or PC? and there are no other 
tules of inference in K than those of PC, or PC?, then the 
following holds: 

a. For any non-empty &,, S,, and ©, such that ©, 
does not contain any free variable occurring 
freely in G, or in any sentence of &,, if R. > S, 
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in K, then disc(G,,2.) > disc(S:,S,). (From Ts 
and 10 ) 

+b. If G, is closed and 6, > G,, then any implica- 
tiong sentence with ©, and ©, is C-true in K. 
(From Ts and 12 ) 


The same holds also for the functional calculus (T28-11). 


If, in constructing a calculus, one finds that some rule of 
inference is not extensible, there is reason to doubt whether 
the calculus fulfills the purpose for which it was intended. 
It is then easy to transform the calculus in the following way 
into a stronger one whose rules are extensible. A rule R say- 
ing “§, 72 G, if such and such conditions are fulfilled” is 
replaced by a rule R’: “‘disg(G1,8,) 72 disc(Si,S,) if S; does 
not contain a free variable occurring freely in G, or in any 


sentence of §, and if such and such other conditions are 
fulfilled”’. 


It 1s easy to see that any rule of the form R’ 1s extensible If ©, is 
any sentence which does not contain a free variable occurring freely 
in G; or in ©, or mm any sentence of §,, then disé(disc(G,,G:),) 
a¢ dsc(disc(S:,S:),S,), according to R’ (taking disc(,,:) in the 
place of G,) Therefore, according to the associative law for disyunc- 
tion (T5-3k), dis¢(Gi,disc(Gi,8))  disc(S:,disc(S,,S,)) 

For an example of the transformation of R into R’ see remarks on 
T28-10 concerning rule (11’) 


§7. General Theorems Concerning Disjunction, 


Some general syntactical theorems concerning disjunctiong 
are proved One of the results. under ordinary conditions, 
two signs of disyunctionc are C-interchangeable (T4b) 


The following theorems are proved with respect to the 


signs of disjunction, and negation, in PC;. According to 
the previous discussion, they hold likewise for any other 
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form of PC with respect to the connections, of cConn? (i.e. 
disjunction) and ¢Conn; (i.e. negationc), no matter whether 
there are connectives for these connections, or not. 


17-1. If K contains PC, and any implication, sentence 
with G,, and G,, eg. disc(negc(GSn),Gn), is C-true in K, 
then S,, — S, in K. (From D3-2(s), D2-2b(s), [I] T29-81.) 


+T7-2. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Then the following holds: 

a. dis,(@,,©,) is a C-implicate in K both of 6, and 
of G,. (From Ts-2b, c.) 

b. If G, and G, are closed, dis,(6,,@,) is a strongest 
sentence in K with the property (a); that is to 
say, if any ©, is a C-implicate both of ©, and 
of ,, then disc(S,,S,) @ Sr 

Proof for (b) If the conditions mentioned are fulfilled, both 
disc(nego(G,),S1) and disc(nego(G,),S:) are C-true (T6-12) Hence 
the class of these two sentences 1s C-true ([I] T29-72), and likewise 
disc(negc(disc(G,,S,)),S.), because it 1s a C-implicate of that class 
(T5-31, in T29-70) Therefore disc(S.,S,) — S: (Tr) 

17-3. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Let ©,, S!, S,, and 6 be any closed sentences in K 
such that ©, is C-equivalent to ©! and likewise 6, to ©. 
Then dis,(G.,G,) is C-equivalent to disc(S',S;). 

Proof Since ©, 1s C-equivalent to Gj, disc(G,,S,) is C-equivalent 
to disc(G,,G!) (T6-10), to disc(S},G,) (Ts-3d), and further, because 
of the C-equivalence of G, and Gi, to disc(S;,G;) (T6-10) and to 
dise(Si,S;) (T5-3d) 

Condition (A) in T4, below, refers to a calculus K contain- 
ing PC, twice with two signs of disjunctionc. This is meant 
in the following way. K contains two sets of rules of deduc- 
tion as required in D2-2. The signs of negation, may or may 
not be identical. If the first set of rules (four primitive 
sentences and the rule of implication) refers, say, to ‘~~’ and 
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‘vy’, then the second refers either to ‘~’ and ‘v’’ or to 
‘~'? and ‘v’’. In any case, according to D2-2a, the three 
or four connectives are general connectives (D2-1), and hence 
connectives of the two sets may occur within one sentence. 

Condition (D) in T4 is fulfilled also by most of the non- 
extensional (intensional) calculi constructed so far, e.g. by 
Lewis’ calculus of Strict Implication and the numerous 
similar calculi by other authors 

+T7-4. Conditions for K 

A. K contains PC, twice, with two different signs of 
disjunction, dis,, and disc, 

B and G, as in T6-10. 

D. K is either extensional in relation to partial 
sentences ([I] D31-18) or, if not, every non- 
extensional primitive connective in K, say a, 
fulfills the following condition. if every two cor- 
responding arguments in two full sentences Gp, 
and G, of a, are C-equivalent, then G,, and G, 
are C-equivalent 

a. If K fulfills the conditions (A), (B), and (C), 
then for any closed ©, and 6,, dis¢,(G.,6,) and 
dis,o(S,,6,) are C-equivalent in K. 

b. If K fulfills the four conditions (A), (B), (C), 
and (D), then disc, and disc are C-interchange- 
able in K ({I] D31-13). 

Proof a Let G,and G, be any closed sentences Then disci(G,,S,) 
is a C-implicate both of ©, and of G, (T2a), and likewise disc2(G,,G,). 
Therefore, the second disjunctione sentence 1s a C-implicate of the 
first (T2b), and the first of the second Hence they are C-equivalent. 

b Since the two disjunctionc sentences mentioned are C-equivalent 
(a), they are C-interchangeable (condition (D), [I] T31-100) But 
ther mutual replacement in a larger sentence is the same as a mutual 
replacement of disc, and disce Therefore these two signs are C-inter- 
changeable. 


We shall come back to T4 in a later discussion of possible 
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interpretations for signs of disjunctione. T4 holds also for 
other forms of PC than PC,, and even for two different 
forms. 


§8. General Theorems Concerning Negation, 


Some general syntactical theorems concerning negationc are 
proved. One of the results. under ordmary conditions, two 
signs of negationc are C-interchangeable (Tgb) 


+T8-1. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Let ©, be any closed sentence in K. 

a. Every sentence in K which is a C-implicate both 
of G, and of neg,(G,) is C-true. 

b. neg-(G,) is a strongest sentence which has the 
relation to G, stated in (a), that is to say, if S, 
is such that every sentence which is a C-implicate 
both of S, and of G; is C-true, then neg,(S,) ~ 
Si. 

Proof a Let ©, be a C-mmplicate both of ©, and of negc(G,) 
Then disc(G,,negc(G.)) GS, (I7-2b) Therefore, since disc(G,, 
negc(G,)) 1s C-true (T5-1a), ©, 1s C-true ({I] T29-70). 

b Let G;, fulfill the conditions stated Then disc(G,,G,), being a 
C-implicate both of G, and of G; (T7-2a), must be C-true disc(negc 


(negc(G.)),S:) 1s C-equivalent to disc(S.,S,) (T5-3a, T7-3) and hence 
is hkewise C-true Therefore nego(©,) — S: (T7-1) 


T8-2. Let K contain PC,. 


a. If G, is C-true in K, neg-(G,) is C-comprehen- 
sive. ({I] D3o-6). 
b. If negc(@,) is C-true, G, is C-comprehensive. 


Proof a Let G, be C-true Every sentence in K is a C-implicate 
of {G,, negc(G,)} (Ts-2l) and hence a C-implicate of negc(S,) ((T] 
T2g-81). Therefore, negc(S,) 1s C-comprehensive ([I] D30-6) 
—b If negc(G,) 1s C-true, nego(negc(G,)) is C-comprehensive (a), 
and hence ©, also (Ts-3a, [I] T30-49) 
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It is to be noted that Tz, unlike T3, does not impose re- 
stricting conditions on K and 6,,. 


T8-3. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Let G, be any closed sentence in K. 
a. If G, is C-comprehensive, neg,(G,) is C-true. 
b. If neg.(G,) is C-comprehensive, ©, is C-true. 

Proof. a Let ©, be C-comprehensive Then ©, > negc(G,) 
({I] D3o-6) Further, negco(G.) > nege(S.) ([I] T29-32) Hence, 
negc(G,) 1s C-true (Tia) —b Let negc(G,) be C-comprehensive. 
es nego(negc(G,)) 1s C-true (a), and hence also G, (Ts-3a, [I] T29- 
70 

T4, below, is in a certain sense a counterpart to T1. 

T8-4. Let K contain PC. 

a. Every sentence in K which C-implies both 6, 
and neg,(6,) is C-comprehensive. 

b. Let K, moreover, fulfill the conditions (B) and 
(C) in T6-10. Let G, be any closed sentence in 
K. Then neg,(6,) is a weakest sentence which 
has the relation to G, stated in (a), that is to 
say, if ©; is such that every sentence which 
C-implies both G, and ©; is C-comprehensive, 
then G; ~ neg-(G.). 

Proof a fS, > SG, andS, > negc(S,), then S, | {S,, negc(S,)} 
and ©, => every sentence (T5-2l) —b Let G,, be nego(disc(negc(G,), 
negc(G.))), which is a conjunctionc sentence with G; and G, (D3-2(8)). 
Then G,, C-imphes both G, and G, (T5-2m,n) Let G; fulfill the con- 
dition stated in the theorem Then @,, is C-comprehensive There- 
fore, disc(nege(S:),nego(G,)) 1s C-true (T3b) Hence, S; ~* negc(S;) 


(T7-1). 
T8-6. Let K fulfill the conditions (A), (B), and (C) in 

T6-10. 
a. If 6, is closed and 6, > G,, then neg,(S,) > 


neg, (G,). 
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b. If 6, is closed and neg-(&,) -> neg-(G,), then 
S. 2 S,. 

Proof. a. Under the conditions stated, disc(nege(G,),S,) 1s C-true 
(T6-12) Hence negc(G,) > nege(S.) (Ts-2f, [I] T29-81) —b Un- 
der the conditions stated, negc(negc(G,)) > negc(nege(G,)) (a) 
Therefore, since ©, — negc(negc(G,)) and negc(nege(S,)) | S, 
(Ts5-3a), © m4 S, ((1] T29-44) 

T8-7. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Let 6, and ©, be closed and C-equivalent. Then 
negc(G,) and neg,(G,) are C-equivalent. (From Téa.) 

T8-8. Let K fulfill the conditions (A), (B), and (C) in 
T6-10. Let G, and ©, be constructed in the same way with 
the help of the signs of negationg and disjunction but out 
of different components, those of ©, being Ga, Gi, -.. Gin, 
those of G, being Gn, S,2,... Gyn, all these components 
being closed. Let any two corresponding components Gin 
and ©,m (m = 1 to ») be C-equivalent in K. Then G, and 
6, are C-equivalent. (From T7-3, T7, by inductive infer- 
ence.) 

The following counter-example shows that it 1s necessary to restrict 
T7 and 8 to closed components ‘P(x)’ and ‘(x)P(x)’ are C-equivalent, 
but ‘~P(x)’, which 1s C-equivalent to ‘(x)(~P(x))’, 1s not C-equiva- 
lent to ‘~(x)P(x)’. 

The following theorem, T9, requires the occurrence of two 
signs of negation, in K. This is to be understood in analogy 
to the occurrence of two signs of disjunctionc, as explained 
previously in connection with T7-4. 

+T8-9. Conditions for K: 

A. K contains PC, twice with two different signs of 
negationc, nego; and nego. 

B and G, as in T6-10. 

D, as in T7-4. 

a. If K fulfills (A), (B), and (C), then, for any 
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closed 6,, negai(G,) and negc2(G,) are C-equiva- 
lent in K. 
b. If K fulfills (A), (B), (C), and (D), then negy, 
and negc, are C-interchangeable in K. 
Proof. a. Let G, be closed Then every sentence which 1s a C-m- 
plicate both of G, and of negc:(G,) 1s C-true in K (Tra), and every 


sentence which 1s a C-implicate both of G, and of negce2(G,) 1s C-true 
(Tra) Hence negcs(©,) > negei(G,) (Trb) and vice versa (Txb). 


Thus the two sentences are C-equivalent —b Proof analogous to that 
of T7-4b 


§9. General Theorems Concerning Other Connec- 
tions, 
Some syntactical theorems concerning connectionsc in gen- 


eral One of the results under ordinary conditions, two signs 
for the same connectionc are C-interchangeable (T4b) 


According to the definitions in § 4, any forms of PC cor- 
respond in a certain way to PC? and hence to one another. 
Thus it could easily be shown that if two calculi K,, and K, 
contain PC and possess the same or corresponding com- 
ponents, then any syntactical relation like C-implication, 
C-equivalence, etc., which holds for certain sentences in Ky, 
by PC holds also for the corresponding sentences in K, by 
PC. This is true even if K,, and K, contain different forms 
of PC, and it is true no matter whether K,, and K,, are en- 
tirely separate calculi or are sub-calculi of one calculus K. 
However, it does not immediately follow from this result 
that any two corresponding sentences in K,, and K,, as sub- 
calculi of K are necessarily C-equivalent in K, not even if 
K,, and K,, contain the same form of PC. That this is the 
case has been shown above for disjunction, (T7-4a) and for 
negation, (T8-ga). It will now be easy to show the same for 
the other connections, in general, because they are expressi- 
ble in terms of disjunction, and negatione. 
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T9-1. Let K contain PC? and fulfill the conditions (B) 
and (C) in T6-10. Let G,, Si, G,, and G be any closed 
sentences in K such that ©, is C-equivalent to ©; and S, to 
S}. 

a. For any singulary connective cb, (g = 1 to 4) in 
PC? in K, cb,(S,) is C-equivalent by PC? in K 
to ob (G). 

b. For any binary connective cc, (r = 1 to 16) in 
PC? in K, cc-(S,,S,) is C-equivalent by PC? in 
K to ce-(Si,S)). 

Proof for (b) Let G, be the sentence in K formed out of ct,(G,,G,) 
by elmmating the connective ct, with the help of 1ts definition rule 
in PC? (D3-6), then G; and cc-(G,,S,) are C-equivalent by PC? in K 
Let ©j be formed analogously out of cc-(Gi,G)) Then these two sen- 
tences are likewise C-equivalent ©, 1s constructed with the help of 
signs of negationc and disjunctiong out of S, and ©, as components, 
and ©} is constructed in the same way out of Gj and &; as components 
(The common form of ©; and Gj 1s that given in the table in § 3 in 
column (5) on the line of cConn?) Therefore, ©; is C-equivalent to 
© (T8-8). Hence, cc-(G,,S,) and ct(Gi,G;) are hkewise C-equiva- 
lent — The proof for (a) 1s analogous 


T9-2. (Analogous to T8-8.) Let K contain PC? and 
fulfill the conditions (B) and (C) in T6-10. Let G, and 6, be 
constructed in the same way with the help of any connec- 
tives of PC? but out of different components, those of S, 
being Gu, Giz, - . . Gin, those of GS, beng Gy, Gyo, .. . Gyn, 
all these components being closed. Let any two correspond- 
ing components ©,» and G,m (m = 1 to ”) be C-equivalent 
in K. Then G, and G, are C-equivalent. (From T1, by in- 
ductive inference.) 

The following theorem, T3, is analogous to T7-4 and T8-9. 
It refers to two sub-calculi K,, and K, of K, both containing 
PC}. This is meant in the same way as explained previously 
in connection with T7-4. Thus any one of the connectives of 
PC? in K,, may or may not be identical with the correspond- 
ing connective in K,. The theorem holds likewise if K,, and 
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K,, contain any other form of PC or even two different forms 
of PC. 
T9-3. Conditions for K 
A. K contains two sub-calculi K,, and K,, both con- 
taining PC? 
B and G, as in T6-10. 
D, as in T7-4. 

Let G,, be a sentence constructed with the help of connec- 
tives of PC? in K,, out of closed components, and ©, be a 
sentence constructed out of the same components in an analo- 
gous way but with the corresponding connectives of PC? in 
K,. Then G,, and ©, are C-equivalent in K. 

Proof Let G,, be the sentence formed out of ©, by eliminating all 
defined connectives of PC? occurring in it Then Gy, 1s C-equivalent 
to ©, m Km and hence in K Let Gs, be formed analogously out of 
©, mK, Then G, 1s C-equivalent toS, in K, and n K G,, and 
©, consist of the same components and have analogous forms, but 
©, contaims the signs of negationc and disjunctionc of K,, and ©, 
those of K, Now we can transform @,, into ©, by first replacing one 
occurrence of the sign of disyunctionc in K,, after the other by that in 
X,, and then doing the same with the signs of negationc in Km and K, 
Each step in this transformation leads to a C-equivalent sentence 
(T7-4, T8-9), therefore G,, and ©, are C-equivalent in K, and hence 
also SG, and ©, 


A corollary to T3° 

+T9-4. Let K fulfill condition (A) in T3 and (B) and (C) 
in T6-ro0. Let a,, be a sign of any singulary or binary connec- 
tionc in PC? in K,, and a, bea sign for the same connection 
in K,. Then the following holds: 


a. Two full sentences of a,, and a, with the same 
closed component or components are C-equiva- 
lent in K. 

b. If K fulfills, moreover, condition (D) in T7-4, 
then a,, and a, are C-interchangeable in K. 


Proof. (a) is a special case of T3. The proof for (b) is analogous to 
that for T7-4b. 


B. PROPOSITIONAL LOGIC 


This chapter deals with propositional logic, ie the system 
of the propositional connections based on the normal truth- 
tables (NTT). It is a semantical system, in contradistinction 
to the syntactical system PC Radical semantical and L-seman- 
tical concepts for the connections and for the concept of ex- 
tensionality are defined. 


§10. The Normal Truth-Tables (NTT) 


The normal truth-tables (NTT) for propositional connec- 
tions may be regarded as semantical rules stating the truth- 
conditions for the full sentences of the connectives A table is 
given (p 38) showing the four singulary and the sixteen binary 
extensional connections with their characteristics, which cor- 
respond to the value-columns in the truth-tables 


By the normal truth-tables — the system will here be 
called NT'T — we mean the customary truth-tables for the 
singulary and binary propositional connections, regarded as 
semantical rules (compare [I] § 8). A truth-table for a con- 
nection of degree 7 lists 1n its first column the 2” possible 
distributions of the truth-values T (truth) and F (falsity) 
among the ” components of a full sentence of that connec- 
tion, in the second column, it gives the truth-value of a full 
sentence for each of those distributions (see the later ex- 
amples, truth-tables for negation and disjunction). We re- 
strict ourselves, as is customary, to the singulary and binary 
connections, all connections of higher degrees can be ex- 
pressed by negation and disjunction, as Post has shown. 

In this way, the truth-table represents a function — we 
call it the characteristic function of the connection — which 
correlates a truth-value to each of those distributions as 
arguments. Thus, for instance, the characteristic function 
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of disjunction correlates T to the distributions TT, TF, and 
FT, and F to FF It is convenient to order the distributions 
of truth-values in the first columns of the truth-tables always 
in the same way, we adopt the most frequently used lexi- 
cographical order, with T preceding F (D2) 

D10-2. The ¢-th distribution of truth-values for the de- 
gree 7 (I or 2) =p; the truth-value or sequence of two truth- 
values here stated. 


/-th DistRIBUTION 


t for degree one for degree two 
I T TT 
2 F TF 
3 _ FT 
4 _ FF 


If the order of the distributions is thus established by 
convention, we do not need the whole truth-table in order 
to describe a characteristic function. It is sufficient to state 
the truth-values in the order in which they occur in the sec- 
ond column This sequence of truth-values for a connection 
is called its characteristic (comp. Wittgenstein [Tracta- 
tus] 4.442, [Syntax] § 57). Thus we see, for instance, from 
the two truth-tables below that the characteristic for nega- 
tion is FT, that for disjunction is TTTF. We shall see soon 
(§ 12) that all extensional connections, and only these, have 
a truth-table and hence a characteristic function and a 
characteristic The characteristics of the singulary and 
binary extensional connections are listed in column (5) of 
the subsequent table. The connections are completely 
characterized by their characteristics, and hence may be 
defined with their help. Thus a connective will be called a 
sign of disjunction if it possesses the characteristic TT TF. 

The table that follows contains, further, the following 
items, to be explained later. For every connection, as de- 
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fined by the characteristic in column (5), the name is given 
in column (2), the abbreviated name in column (rz), a seman- 
tical name for the connective in column (4) The terms in 
columns (1), (2), and (4) correspond to those in the same 
columns in the table in § 3, but here they have no subscript 
‘C’. In this way the semantical terms of this table are dis- 
tinguished from the syntactical terms of the previous table. 


SCMANTICAL CONCEPTS OF PROPOSITIONAL CONNECTIONS AND CONNECTIVES 
In NTT 


(x) (2) (3) 


Connections Connecteves 


Abbrevia- Customa: Semantical | Character- 
tion Ordinary Name Symbol Name istic 

I The four sengulary connectrons 

Conn} tautology hr TT 
Conn} (identity) be TF 
Conn} negation FT 
Conn} contradiction ba FF 

II The sixteen benary connectsons 

Conn} tautology Cr TTTT 
Conn} disyunction 2 (dis) TTTF 
Conn? (inverse implication) TTFT 
Conn? (first component) TTEFF 
Conn? implication cs (mp) TFTT 
Conn} (second component) Ce TFTF 
Conn? equivalence Cz (equ) TFFT 
Conn? conjunction . Cs (con) TFFF 
Conn} exclusion FTITT 
Conn (non-equivalence) FTTF 
Connj {negation of second) FTFT 
Connj, (first alone) FTFF 
Conn; (negation of first) FFTT 
Conn} (second alone) FFTF 
Connj3, bi-negation FFFT 
ConnZ, contradiction FFFF 
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Thus e g. ‘sign of disjunction, in K’ is a syntactical concept 
based on the rules of deduction of PC, (D3-2), on the other 
hand, ‘sign of disjunction in S’ (D11-23) is a semantical 
concept based on the rules of NTT, ie the truth-tables. 
As examples of rules of NTT, stated in the customary 
form of diagrams (truth-tables), we give here those for 
negation and disjunction. 


TRUTH-TABLE FOR NEGATION TRUTH-TABLE FoR DISJUNCTION 
SG | neg.) SG S | asG,S,) 
Nl, T F Djl. T T T 
N2 F T Dj2. T F T 
Dy3. F T T 
Dj4. F F F 


We may regard each line in a truth-table as a representa- 
tion of a semantical rule. We designate the two semantical 
rules for negation, represented by the two lines of its normal 
truth-table, by ‘Nz’ and ‘N2’, likewise the four rules for 
disjunction by ‘Djz’ to ‘Dj4’, those for conjunction by ‘C1’ 
to ‘C4’, those for implication by ‘Ix’ to ‘I4’, and those for 
equivalence by ‘Er’ to ‘E4’. Formulated in words instead 
of diagrams, these rules are as follows. 


+Rules of NTT for some of the connections, ©, and 6, 
are any closed sentences. 

N1. If G, is true, neg(G,) is false. 

N2. If G, is false, neg(G,) is true. 

Dj. lf S, and 6, are true, dis(G,,6,) is true. 

Dj2. If G, is true and 6G, is false, dis(G,,6,) is true. 
Dj3. If G, is false and G, is true, dis(G,,G,) is true. 
Dj4. lf S, and 6, are false, dis(S,,G,) is false. 


In shorter formulation: 
N1, 2. neg(G,) is true if and only if 6, is false. 
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Djl to 4. dis(G,,6,) is true if and only if at least one of 
the two components is true. 


Further: 
C1 to 4. con(G,,G,) is true if and only if both compo- 
nents are true. 
I1 to 4. imp(G,,G,) is true if and only if 6, is false or 
G, is true or both. 
El to 4. equ(G,,G,) is true if and only if both compo- 
nents are true or both are false. 


The rules of NTT for the other extensional connections can 
be formulated in an analogous way on the basis of their 
characteristics. 


The following counter-examples show that it 1s necessary to restrict 
the application of the ¢ruth-tables to closed sentences 1. Propositional 
logic ‘p’ and ‘~ ’ are both false (this 1s often overlooked because 
of a confusion between propositional variables and propositional con- 
stants), inspiteof N2 And‘pV~)’1s true, mspiteof Dj4 2 Func- 
tional Jogic (customary interpretation, open sentences interpreted as 
universal, see § 28) If there is an individual which 1s not P, and an- 
other one which is P and not Q, then ‘P(x)’ and ‘~P(x)’ (which 1s 
L-equivalent to ‘(x)(~P(x))’) are both false, in spite of Nz Further, 
*Q(x)’ and ‘P(x) D Q(x)’ are false, in spite of Ig The necessity of the 
restriction 1s often not noticed Sometimes the truth-tables are even 
explicitly formulated for open sentences, eg ‘p’,‘q’,‘pVq’ [It may 
be remarked that, in another sense, the truth-tables may be formulated 
for open sentences, eg propositional variables While it is incorrect 
to formulate. “Tf ‘p’ 1s false and ‘q’ 1s false, then ‘p = q’ 1s true”, the 
following 1s correct “If p 1s false and q1s false, then p = qistrue” In 
the latter sentence, ‘p’, ‘q’, and ‘=’ are regarded as belonging to the 
English language The sentence refers to the absolute concept of truth 
for propositions ({I] §17), not to the semantical concept of truth 
for sentences Therefore it cannot serve as a rule for a language 
system ] 


Suppose that a semantical system S contains a binary 


general connective (D2-1) a,. Under what conditions shall 
we call a, a sign of disjunction in S? We shall not require 
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that S contain just the rules of NTT as formulated above. 
S may contain rules formulated in an entirely different way, 
provided only that they have the same effect upon the 
truth-value of a full sentence a,(&,,&,) as the rules of NTT. 
Thus a, will be called a sign of disyunction in S if, for any 
closed components &, and &,, a:(S,,&,) is true if and only 
if at least one of the components 1s true, in other words, if 
it possesses the charactenstic TITF. Here, however, two 
cases must be distinguished The condition mentioned may 
be fulfilled either (a) by accident, so to speak, or (b) neces- 
sarily. In case (a), the situation 1s such that we have to use 
factual knowledge, namely of the truth-values of the sen- 
tences involved, in order to find out whether the condition 
is fulfilled. In case (b), factual knowledge is not required; 
the rules of S suffice for showing that the condition is ful- 
filled. In case (b) we shall say that a, has TTTF not only 
as a characteristic but also as an L-characteristic and that 
it is not only a sign of disyunction but also a sign of dis- 
junction; (In case (a), we might call a, a sign of disjunc- 
tiong.) Analogously for the other connections. On the basis 
of these considerations, we shall lay down definitions for the 
connections 


§11. The Connections in NTT 


The concepts for the connections can easily be defined with 
the help of the characteristics Thus, for instance, ay Is a sign 
of disyunction if 1t has the characteristic TITF We define, 
in addition, corresponding L-concepts If the semantical rules 
suffice to show that a, has the characteristic TI TF, then this 
is called its L-characteristic, and a, 1s called a sign of disjunc- 
tion, The definitions make use of the concept of L-range 
({I] §§ 18 to 20) 


Our task is now to formulate general definitions for ‘charac- 
teristic’, ‘L-characteristic’, ‘(sign for) Conn?’, and ‘Conn?’ 
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in accordance with considerations in the preceding section. 
These definitions and, further, those for ‘extensional’ and 
“L-extensional’ (§ 12) can best be formulated if we make use 
of the concept of L-range. It has previously been shown 
({I] § 19, see the example for S,) how the semantical rules of 
a system 5S can be formulated as rules for L-range instead of 
rules for truth and how the L-concepts (‘L-true’, etc ) and 
the radical semantical concepts (‘true’, etc ) can be defined 
on the basis of ‘L-range’ ([I] § 20). Let us bnefly summarize 
the main features of the previous explanations and defini- 
tions. By L-states with respect to S we mean either com- 
pletely specified possible states of affairs of the objects dealt 
with in S ({J] § 18), or other entities corresponding to them, 
e.g. state-descriptions ([I] § 19). The L-range of a sentence 
Gm — designated by ‘LrG,,’ or, in what follows, also by 
‘R,,’ —is the class of those L-states which are admitted 
by G,n, i.e. those in which G,, would be true If the rules of 
S are formulated as rules of L-range, then the concept ‘L- 
range in S’ is defined by these rules, that is to say, for every 
S, in S, LrG,, is determined by the rules. On this basis, 
the following concepts can be defined (as in [I] § 20). ‘V,’ 
designates the universal L-range, i.e. the class of all L-states, 
‘A, the null L-range The L-range of a sentential class ®, 
is the product of the L-ranges of the sentences of ®,. (For 
the signs of the theory of classes, eg. ‘e’, ‘C’, ‘+’, ‘xX’, 
‘—?, etc, see [I] § 6 at the end.) 


D11-5. &, is L-true (in S) =p; Lrd, = V,,. 

D11-6. &, is L-false (in S) =p; Lrd, = Ag. 

Dii-7. &, > &, (in S) =p¢ Lf, C Lrf,. 

D11-8. Z, is L-equivalent to T, (in S) =p, LrZ, = 
Lrf,. 

D11-9. £, is L-non-equivalent to ©, (in S) =nr 
Lrd, = —Lrf,. 
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The definitions of radical concepts make use of ‘rs’ also, 
which designates the real L-state. While the concept of 
L-range, and hence also the other L-concepts just defined, 
are determined by the rules of S, this is not the case for rs 
and the radical concepts. In order to find out which L-state 
is the real one, factual knowledge is required. 

D11-12. T,1s true (in S) =prIs e Lrg&,. 

The other radical concepts are defined on the basis of 
‘true’ in the customary way (the definitions in [I] § 20 are 
like those in [I] § 9). 


T11-1. The L-range of &, is the product of the L-ranges 
of the sentences of &, ([I] D20-zb.) 

T11-6a [b]. (For ‘a [b]’, see remarks preceding D3-7.) 
Each of the following four conditions is sufficient and neces- 
sary for Z,, and &, to be [L-Jequsvalent in S. 

1. (Rn X Rx) + (—Rn X —R,) contains rs [is 
V,]. (From [I] D20-16, [I] T20-26 [D8].) 

2. Both R, + (—R,) and —R,, +R, (and hence 
also their product) contain rs [are V,]. (From 
(x) ) 

3. (Rn + Ra) X (—Rn + (—R,)) does not con- 
tain rs [is A,]. (From (1).) 

4. Both R, X —R, and —R,z XR, (and hence 
also their sum) do not contain rs [are Ag]. 
(From (3).) 

T11-7a [b]. Each of the following five conditions is 
sufficient and necessary for Z, and &, to be [L-]non- 
equivalent in S. 

1. (Rn X —R,z) + (—Rm X Ra) contains rs [is 
V,]. (From [I] To-21, [I] T20-26 [Do].) 

2. Both R,, + R, and —Rm» + (—R,) (and hence 
also their product) contain rs [are V,]. (From 


(z).) 
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3. (Rm + (—R,)) X (—Rm + Rx) does not con- 
tain rs [is A.]. (From (1) ) 

4. Both R, x R,z and —Rn X —Ra (and hence 
also their sum) do not contain rs [are Ag. 
(From (3).) 

5. &, and &, are [L-]disjunct and [L-]exclusive. 
(From (2), [I] D2o-z7 [9], [I] D20-z8 [10].) 


Now we have to formulate the rules of NTT in terms of 
L-range. Let us take Dj2 as an example, we call it the sec- 
ond rule for disjunction (or Conn3) in NTT. It says. “If 
G, is true and 6, is false, then dis(G,,6,) is true” If, for a 
connective a,, we find two sentences G, and G, such that ©, 
is true, G, is false, and a.(G.,6,) (which we will call ©;) 
true, then we say that a; satisfies the rule Dj2 with respect 
to G, and G,. If, on the other hand, 6, is true, G, is false, 
but ©, is false, then we say that a, violates Dj2 with respect 
to G, and G,. If a, satisfies Dj2 with respect to any closed 
components, then we say simply that a, satisfies Dj2. The 
condition which in this case must be fulfilled for any closed 
©, and G, can also be stated in this way. “Either it is not 
the case that G, is true and G, is false, or S, is true”, or 
“©, is not true or G, is not false or @, is true”. This is, in 
terms of L-range. ‘rs e —R, or rse R, or rse R,”, or in 
other words: ‘‘rs e —R, + R, + R;”. If, for some ©, and 
©,, the class —R, + R, + R, is the universal L-range V,, 
then we can know that it contains rs without knowing which 
L-state 1s rs. Thus, in this case, we know from the rules of S, 
without using factual knowledge, that a, satisfies Dj2 with 
respect to G, and G,, and therefore we say that a; L-satisfies 
Djz with respect to SG, and G,. If this is the case for any 
closed ©, and G,, we say that a; L-satisfies Dj2. If a; satis- 
fies all four rules Djx to 4, then it has TTTF as a character- 
istic and is called a sign of Conn} or of disjunction in S. If 
a;, L-satisfies the four rules, then it has TTTF as an L-charac- 
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teristic and is called a sign of ;Conn3 or of disjunction, in S. 
On the basis of these considerations, we shall now lay down 
the general definitions for connections. Sometimes, when 
there is no danger of ambiguity, we write simply ‘©,’ for 
‘a(G.)’ or ‘a,(G,,S,)’, ie. the full sentence of a, with the 
component or components under consideration, and hence 
‘R,’ for the L-range of that full sentence 


D11-14. a; satisfies the /-th rule (¢ = 1 to 4) in NIT 
for Conn? (r = 1 to 16) with respect to S,, S, in S =pz ay is 
a binary general connective in S, S, and G, are closed and 
have the #-th distribution of truth-values (D10-2); a:(S,,,) 
has the ¢th truth-value in the characteristic of Conn? as 
given in column (6) of the table in § 10. Analogously for a 
singulary connective. 

D11-15. a, violates the ¢+th rule (¢ = 1 to 4) in NTT 
for Conn? (r = 1 to 16) with respect to G,, G, in S =pr a 
is a binary general connective in S, G, and 6, are closed and 
have the /-th distribution of truth-values, a,(6,,S,) does not 
have the ¢th truth-value in the characteristic of Conn?. 
Analogously for a singulary connective 

D11-16a [b]. (Auxiliary term for Dr7 and D21.) a, has 
the [L-] characteristic value X (T or F) for the ¢-th dis- 
tribution (¢ = 1 to 4) of degree two in S =p, a, is a binary 
general connective in S, and if ©, and G, are any closed 
sentences in S and ©; is the full sentence a,(G,,@,), then the 
class specified below contains rs [is V .] 

VaLuE X Cass 
—-R.+(-R,) +R: 
—R. + (-R,) + (—R:) 
—-R.+R;+R: 
—R.+R, + (—R:) 
R.+(—R,) +R, 

R:+ (—R,) + (—Ra) 


R,+R,+R: 
R. +R, + (—Ry) 


mh ww PD HH 
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Analogously for degree one (¢ = 1 or 2): 


rf VaLuE X C1ass 

I T —R, +R: 

I F —R, +(—R,) 
2 T R, + R: 

a F R, + (—R) 


T11-9a[b]. If a, has the [L-]characteristic value X 
(T or F) for the ¢th distribution of degree two in S, and 6, 
and G, are closed sentences which have the ¢-th distribution 
of [L-|truth-values ([L-]truth or [L-]falsity), then a;(©,,6,) 
has the [L-]truth-value X. Analogously for degree one. 

Proof for t= 1, X=T, G = a0G,6, —R.+(-R,) +R: 
contains rs [1s A,] (D16a[b]) Since G, 1s [L-]true, —R, does not 
contain rs [1sV,], likewise —R, Therefore, R, contains rs [1s Va] 
Hence, G, 1s [L-]true (Ds) Analogously for the other values of ¢ 
and X 

T11-10. a, has the characteristic value X for the +th 
distribution of degree two in S if and only if, for every closed 
©, and ©, which have the ¢th distribution of truth-values, 
ai(G,,S,) has the truth-value X. Analogously for degree 
one. 

Proof 1 Toa 2 Proof for? = 1,X = T Suppose that, for every 
closed ©, and ©, which have the first distribution and hence are true 
(Dro-2), the full sentence G, has the value T In other words, either 
©, and G, are not both true or G, 1s true, either ©, 1s false or ©, 1s 
false or G, 1s true, either rs e —R, or rs e —R, orrs e Ry, rs ¢ —R, + 
(—R,) +R, Then a, has the characteristic value T (D16a) Analo- 
gously for the other values of ¢ and X 


D11-17a [b]. a, [L-]satisfies generally the /-th rule 
(¢ = 1 to 4) in NTT for the binary connection Conn? (7 = 1 
to 16) in S =p, a; has an [L-]characteristic value for the +th 
distribution which is the same as the /-th value in the charac- 
teristic for Conn?, as given in column (6) of the table in § 10. 
Analogously for a singulary connection (¢ = 1 and 2). 
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T11-11. a; satisfies generally the ¢th rule (¢ = 1 to 4) 
for Conn? (ry = 1 to 16) in NTT if and only if, for every 
closed ©, and 6, in S which have the #-th distribution of 
truth-values, a,(S,,6,) has the ¢-th truth-value in the charac- 
teristic of Conn? and hence a, satisfies the #-th rule with re- 
spect to &,, G, in S. Analogously for degree one. (From 
D17a, Tro, D14.) 

D11-21a [b]. a, has 9, (a sequence of four truth- 
values) as its [L-]characteristic in S =p; one of the follow- 
ing conditions is fulfilled. 

1. a, is a singulary general connective and has 
{L-]characteristic values for the first and sec- 
ond distribution of degree one, and 9, is the 
sequence of these two truth-values in this order. 

2. a, is a binary general connective and has 
[L-|characteristic values for the first, second, 
third, and fourth distribution of degree two, 
and Rt, is the sequence of these truth-values in 
this order. 

+D11-23a [b]. a, is a sign for the connection (,,;Conn? in 
S =pr ox has as its (L-|characteristic the characteristic given 
in column (5) of the table in § 10 for Conn”. Conn} is also 
called tautology (see column (2) of the table in § 10), Conn} 
negation, Conn} contradiction, further, Conn? tautology, 
Conn? disjunction, Conn? implication, Conn? equiva- 
lence, Conn; conjunction, Conn} exclusion, Conn, bi- 
negation, Conn, contradiction. Analogously, ,Conn; is 
also called negation,, Conn} disyunction,, etc 

It will be shown later (Tx12-28) that the signs for the con- 
nections ;,) are [L-]extensional. 

In some cases the term used for a connection 1s the same as that for 
asemantical relation (In this point, our terminology at present follows 


the general use im spite of 1ts disadvantages ) It is important to notice 
the difference between the two concepts, eg between the connection 
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of implication, for which there may be a sign (eg ‘D’) in the object 
language, and the semantical relation of mphcation ([1] Do-3), which 
is expressed in the metalanguage (e g by ‘implies’ or ‘ — ’), and hke- 
wise between the connection of equivalence (‘=’) and the semantical 
relation of equivalence (‘equivalent to’) In the case of other connec- 
tions, there 1s much less danger of confusion because, fortunately, 
different terms are used Examples the connection of disjunction 
(‘Vv’) and the semantical relation of disjunctness ([I] Do-5) (‘dis- 
junct’), the connection of negation (‘~’) and the corresponding se- 
mantical property of falsity (‘false’) — An analogous difference must 
be observed in the case of L-concepts, here we put the ‘L’ at different 
places We must distinguish between the connection (sometimes we use 
here the term ‘connectiony’) of umplicationy, (‘D’, mtroduced by its 
truth-table) and the (L-)semantical relation of L-implication (‘L~m- 
ples’, ‘ => ’), hkewise between equivalencey (‘=’) and L-equivalence 
(‘L-equivalent to’), between disjunctionx (‘ V ’) and L-disyunctness, be- 
tween negation, (‘~’) and L-falsity (‘L-false’) — Because of the 
danger of the confusion mentioned, 1t might be advisable to consider 
the use of other terms for the connections Conn; (implication) and 
Conn} (equivalence) (perhaps Quine’s terms ‘conditional’ and ‘bi- 
conditional’), and to reserve the terms ‘implication’ and ‘equivalence’ 
for the semantical relations 


We shall sometimes use ‘5,’ (¢ = 1 to 4) (see column (4) 
in the table in § 10) for a sign of Conn; (in most cases, for 
,Conn;) and ‘c,’ (r = 1 to 16) for a sign of Conn? (in most 
cases, ,Conn?) Instead of ‘bs’, we usually write ‘neg’ as the 
semantical name of a sign of negation, and ‘neg;,’ as the 
name of a sign of negationz, further, ‘dis’, ‘imp’, ‘equ’, ‘con’ 
for signs of disjunction, implication, equivalence, and con- 
junction respectively, ‘dis’, ‘impr’, ‘equy’, ‘cony’ for 
signs of disjunction,, implication,, equivalence,, and con- 
junction, respectively. These names of connectives are 
mostly used for forming semantical descriptions of full sen- 
tences; ‘negi(G,)’, for instance, designates the full sentence 
of the sign of negation; with 6, as component. 


T11-12a [b]. a; is a sign for (1;Conn? (m = 1 or 2) in 
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S if and only if a, [L-]satisfies generally all rules (two for 
n =1, four for » = 2) for Conn} in NTT. (From D23, 
Daz, D17.) 

The method here used for the definition of ‘L-characteristic’ (D21) 
and ‘sign for ,Conn,’ (D23) with the help of the concept of L-range, 
is analogous to that previously used in [Syntax] § 57 for the definition 
of corresponding concepts nm syntax In syntax, however, this method 
does not always lead to adequate concepts, this has been shown by 
Tarski (see “Addition 1935” at the end of §57) Therefore the 
method 1s now transferred to L-semantics (compare [I] § 39, remarks 
on [Syntax] § 57) 

T11-17a[b]. Let S contain a, as a singulary general 
connective and b, (g = 1 to 4) as a sign for (1;Conn). a 
is also a sign for ,,,;Conn) if and only if, for any closed 6,, 
a,(G,) is [L-Jequivalent to 6,(G,). Analogously for a binary 
connective. 


Proof for a[b] 6, has the [L-]characteristic for Conn} (D23), 
say X:X_ 1 If for any closed ©,, G, (= a,(G,)), is [L-]equivalent 
to G, (= b,(G,)), then both R,; + (—R,) and —R, + R, contain rs 
[are V,] (T6(2)) If X:=T, then —R,+ R, contains rs [is V,] 
(D16), hence likewise (—R,-+ R,)+(R.z+(—R,)), which is 
—R.+ Ry, Therefore, a, also has T as its [L- characteristic value 
for the first distribution (D16) If X, = F, then —R, + (—R,) con- 
tains rs as Val, hence hkewise (—R. + (—R,)) + (-Ri + R,), 
which is —R,-+ (—R,) Therefore, a; also has F as 1ts value for the 
first distribution Analogously for the second distribution (X_ = T 
or X,=F) Thus, a, has the same two [L-]characteristic values as 
b,, and hence the same [L-]characteristic (D21), and hence 1s also a 
sign for j1j3Connj (D23) — 2 If a, 1s also a sign for ,1jConn}, a, has 
also the [L-]characteristic X:X_ Take for example TF Then, for 
any closed G,, —R, + R,, R. + (—R,), —Ri + Re, and R, + (—R,) 
all contain rs [are V,] (D16), hence likewise (—R, + Ri) + (R, + 
(—R,)), which 1s Ry + (—R)), and (R, + (—R,)) + (-R, + R,); 
which is —Rz + R, Therefore, G, and ©, are [L-]equivalent. Anal- 
ogously for the other three characteristics (TT, FT, FF). 


If, in constructing S, we lay down the rules of NTT for the 
four singulary and the sixteen binary connectives, then we 
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see from these rules of S, without using factual knowledge, 
that those signs satisfy the rules of NIT and hence have the 
characteristics as given in column (6) of the table in § 10. 
Therefore, in this case, the signs L-satisfy the rules, have 
L-characteristics, and are signs for the connections,. Since, 
however, the details of the formulation of the rules are 
inessential as long as they lead to the same results, we will 
also say that S contains NTT if the rules of S are formulated 
in any other way provided they give to the connectives the 
same properties as the rules of NTT would do, in other words, 
if they are such that they determine the same L-character- 
istics and hence make the connectives signs for the connec- 
tions, This consideration leads to D26. For the sake of 
simplicity, we apply the definition only to systems whose 
sentences are all closed. 

D11-26. S contains NTT =p; all sentences of S are 
closed, S contains a sign for each singulary or binary connec- 
tion,, i.e. four signs 1b, (¢ = 1 to 4) for ,Conn}, and sixteen 
signs yc, (ry = 1 to 16) for ,Conn? These signs are called 
connectives of NTT in S. 


If S contains NTT, we understand by the ultimate com- 
ponents of G, with respect to NIT those sentences out of 
which ©, is constructed with the help of the connectives of 
NTT, which sentences themselves, however, are not full 
sentences of connectives of NTT. If G, is not a full sentence 
of a connective of NTT, G, is itself its only ultimate com- 
ponent. The ultimate components of &, are those of the 
sentences of §,. Thus for instance, the only ultimate com- 
ponent of dis(neg(@,),G:) 1s G. If in this example © is re- 
placed by any other sentence, the resulting sentence is 
always L-true (see below T13-25b(2)), therefore, dis(neg(©:), 
©), and likewise dis(neg(G,),6,) for any S,, is L-true by 
NTT. Thus this concept applies to those sentences which 
can be shown to be true and hence L-true by merely apply- 
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ing the normal truth-tables for the connectives occurring. 
Analogously, we shall define ‘L-false by NTT’, ‘L-implies 
by NTT’, and ‘L-equivalent by NTT’ in such a way that 
these concepts apply to those cases where the rules of NTT 
suffice to show that the corresponding radical concepts and 
hence the L-concepts hold. For technical reasons, we first 
define ‘L-implies by NTT’ by reference to the replacements, 
and then the other concepts on the basis of this concept. 
T25 shows that these definitions are in agreement with the 
previous definitions for the L-concepts (D5 to 8). 

D11-29. =, L-implies £, by NTT in S =p; S contains 
NTT, & ~ Zin S for any T and & which are constructed 
out of , and &, respectively in the following way: any ulti- 
mate components of Z, and of &, are replaced by any sen- 
tences in S; if a component occurs at several places in T, and 
&,, then it must be replaced, if at all, by the same sentence 
at all places where it occurs in T, and &,. 

D11-30. I, is L-true by NTT in S =p; Ap &, by 
NTT. 

D11-31. &, is L-false by NTT in S =p; T. = V by 
NTT. 

D11-32. &, is L-equivalent to =, by NTT in S =pr 
Z, ~ &, by NTT, and f, > &, by NTT. 


T11-24. If S contains NTT, then the following holds: 
a. An infinite number of sentences in S are L-true 
by NTT. 
b. An infinite number of sentences in S are L-false 
by NTT. 
c. V is L-false by NTT. 

Proof. a Given any sentence G,, which is L-true by NTT (e g. for 
any 6,, disi(negr(G,), S,)), 1ts double negation (1e negzi(neg.(Gn))) 
is also L-true by NTT —b Given any sentence ©, which is L-false 
in NTT (eg coni(G.,negr(G,))), its double negation 1s also L-false in 
NIT.—c From (b), [I] Tr4-r1. 
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T11-25. 
a. If ©, ~ &, by NIT (in S), then &, > f,. 
b. If &, is L-true by NTT, then f, is L-true. 
c. If E, is L-false by NTT, then &, is L-false. 
d. If £, is L-equivalent to T, by NTT, then f&, is 
L-equivalent to &,. 
Proof. a. From D29, with replacement of the components by them- 


selves. —b From (a), [I] T14-51a —c From (a), [I] Pr4-7 — 
d. From (a). 


§12. Extensionality 


A connection or connective 1s usually called extensional (or 
a truth-function) if the truth-value of its full sentences depends 
merely upon the truth-values of the components We also de- 
fine the corresponding L-concept (with the help of the concept 
of L-range) n such a way that a connective 1s L-extensional if 
the semantical rules suffice to show that it 1s extensional A 
connective 1s extensional if and only if it has a characteristic, 
L-extensional if (but not only if) 1t has an L-characteristic 
Thus the connections listed in the table in § 10 are extensional 

and under certain conditions L-extensional 
The connections which have truth-tables are often called 
truth-functions, because the truth-value of a full sentence 
depends merely upon the truth-values of the components. 
Following Russell, we call connections of this kind and their 
connectives extensional and a full sentence of such a connec- 
tion extensional with respect to the components. For a sin- 
gulary connective a,, the condition of extensionality can be 
formulated in the following way. if S, and SG are any closed 
sentences which have the same truth-value and hence are 
equivalent, then a;,(G,) and a,(G,), which we will call ©, 
and ©, respectively, also have the same truth-value and 
hence are equivalent. As in the case of many other well- 
known concepts, we introduce here a distinction between an 
L- and an F-concept dependent upon the distinction be- 
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tween the case where the general condition for the concept 
in question, here the condition for extensionality just men- 
tioned, is fulfilled by the contingency of the facts, and the 
case where it is fulfilled necessarily, that is to say, in such a 
way that we can find out that it is fulfilled on the basis of 
the semantical rules of the system in question without using 
factual knowledge. In order to make this distinction, we 
transform the condition of extensionality in the following 
way: “Either ©, and G/ are not equivalent or ©, and G 
are equivalent”, further, in terms of L-range (where ‘R/’ 
is short for ‘LrG,,’) ‘“Exther rs e ((R, X —R/) + (-R, x 
R)) or rse((Ri XR) +(-Rz X —R))” (Tr1-7a(z), 
Tr1-6a(r)), “rs e ((R, X —R/) + (—R, X R’) + (Rk x R)) 
+(—R, xX —Rj)))”. In general, factual knowledge is re- 
quired in order to find out that the last-mentioned class 
contains rs. Only in the case that this class is V, can we 
know that it contains rs without knowing which L-state is 
ts. In this case, we call a, L-extensional If the condition 
for extensionality is not fulfilled, we call the connective non- 
extensional. [The term ‘intensional’ is often used in this 
case. Since, however, this term is used in traditional logic 
in another sense, it might be advisable not to use it here.] 
If the class mentioned is null, then we know without the use 
of factual knowledge that it does not contain rs and that 
hence the connective is non-extensional, we call it in this 
case L-non-extensional These considerations lead to the 
following definitions (D1 and 2), the definitions for binary 
connections (D3 and 4) are analogous 

Conditions for extensionality, non-extensionality, and L-non- 
extensionality which do not make use of the concept of L-range are 
given in Tr and T2a,b below. It seems that a condition, and hence a 
definition, for L-extensionality cannot be given in this simple way 
(except in special cases where S contains certain connectives, see be- 


low, T13-31b). Thus 1s the chief reason for applying the concept of 
L-range in Dib and D3b. 
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D12-1a [b]. A stngulary connection (and a general 
connective for it) is [L-Jextensional in S =p; if S, and G 
are closed and ©, is the full sentence with ©,, and ©; that 
with Gj, then (R, X —R) + (—R. xR) + (Re XR) 
+ (—R,; x —R)) contains rs [is V,]. 

D12-2a[b]. A singulary connection (and a general 
connective for it) is [L-|non-extensional (intensional) in 
S =p; there are ©,, Gi, S,, and ©, such that ©, is the full 
sentence with 6, and G;, that with G/, and each of the fol- 
lowing four classes (and hence also their sum) does not con- 
tain rs [is A,]. R. x —Rj, —R. X Rj, Re X Ri, —Re X 
—Rj. 

D12-3a [b]. A binary connection (and a general connec- 
tive for it) is [L-]extensional in S =p; if ©,, Sj, S,, and 
G} are closed and ©, is the full sentence with S, and G,, and 
©; that with G/ and Gj, then (R, x —R/) + (—R, x R)) 
—R,) contains rs [is V,]. The class mentioned can also be 
stated in the following form. ((R, + R’) x (—R, + —RJ)) 
+ ((R, + RB) x (-R, + —R)) + (Ri + —Ry) x (-R: 
+R,)). 

D12-4a[b]. A bemary connection (and a general con- 
nective for it) is [L-]non-extensional (intensional) in S 
=p, there are S,, S/, S,, S, Sz, S, such that ©, is the full 
sentence with S, and G,, and ©, that with G and Gj, and 
each of the following six classes (and hence also their sum) 
does not contain rs [is A,]’ R. X —R/, —R, xX R/, R, x 
-R,, —-R, Xx R,, R,X R, —-R, X —-R, 

The following theorem, T1, states the condition for ex- 
tensionality in the customary form. There is no analogue 
to this theorem concerning L-extensionality (see, above, 
the remark preceding D1). 

+T12-1. A singulary general connective a; is extensional 
in S if and only if the following holds. If 6, and G! are any 
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closed equivalent sentences, then a,(G,) is equivalent to 
a,(S). (From Dra, Tr1-7a(1), T11-6a(1) ) Analogously for 
a binary connective. 

T12-2a [b]. Let a, be a singulary general connective in 
S. Each of the following conditions, applying to every 
closed G, and G with the full sentences 6; and G,, is a suffi- 
cient and necessary condition for a, to be [Z-Jextenssonal. 

1. —Q, + Q; contains rs [is V,, or in other words, 

Q, C Q;]. Here, Q, = (R. x R/) + (-R, X 
—R’) = (R, + (—R’)) x (—R, + R)); hence, 
-Q, = (R. x —R) + (-R, x R) = (R. + 
R) x (-R, + (—R)), Qe = (Re x RY + 
oo x —R,) = (Ry + (—-R))) x (—-Re + 
R,). 
Each of the following four classes, and hence 
also their product, contains rs [is V,]. R, + Ri 
+ R: + (—R)), R, + R, 25 (—R) +t R,, —R, 
+ (-R) + Ri + (—R), —R, + (-R) + 
(—Rx) + Ri. 


T12-3a[b]. A singulary general connective a, is [L-] 
non-extensional in S if and only if there are closed sentences 
S,, S such that ©, and G are [L-Jequivalent, and a,(G,) 
and a,(G;) are [L-]non-equivalent. (From D2, T11-6(4), 
Tr1-7(4).) Analogously for a binary connective 

T12-4. Let a, be a singulary general, L-extensional 
connective. If ©, and Gj are closed and L-equivalent, 
a.(G,) and a,(G/) are L-equivalent Analogously for a 
binary connective. 

Proof. Let G, and © be the full sentences. If ©, and ©; are 
L-equivalent, R, = Ri (D11-8) Since a, 1s L-extensional, the class 
mentioned in D1b is V,, hence also (Ri X Rg) + (—Rs X —R)). 
Therefore, R, = Rj, hence G; and Gj are L-equivalent. 


Lad 


T12-6. If a connective a; in S satisfies a certain rule for 
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a connection in NTT with respect to some components and 
violates the same rule with respect to others, then a, is non- 
extensional. 

Proof Let a, be a singulary connective (the proof for a binary one 
1s analogous) Let ay satisfy the ¢-th rule for Conn} with respect to 
©, and violate the same rule with respect to @; Then (D11-14 and 
15) G, and G; have the /-th distribution of truth values and hence are 
equivalent, while the full sentences have not the same truth-value 
and hence are non-equivalent Therefore, a; 1s non-extensional (T3a). 


T12-12a [b]. Let S contain at least one [L-]true sen- 
tence and at least one [L-]false sentence and a; be a singulary 
general connective. Then the following holds: 

1. For any ¢ (1 or 2), a, has at most one ¢th 
[L-]characteristic value (D11-16). 
2. a, has at most one (L-]characteristic. 
Analogously for a binary connective. 

Proof for a [b] (1) Let ©, be [L-]true and 6; [L-]false mS Let 
©, and ©; be the full sentences If for ¢ = 1, a, had both T and F as 
an lee nia value, then G, would be both [L-]true and 
[L-|false, which 1s umpossible (More exactly, on the basis of our 
definitions in terms of ‘L-range’ both —R, + R, and —R, + (—Rx) 
would contain rs [be V.] (Dr1-16a[b]), sce ©, 1s [L-]true, R, con- 
tains rs [is V,], hence —R, does not contain rs [1s a hence both 


R, and —R, would contain rs [be V,], which 1s impossible Analo- 
gously for ¢ = 2, with ©, —a[b](2) from a[b](z) 


T12-13. Let S contain at least one true and at least one 
false sentence and a; be a singulary general connective. If 
a, is extensional, then it has one and only one characteristic. 
The same holds for a binary connective. 

Proof Let ©, be true and G@, false in S, and a, be extensional. 
Let Gui be ax(G,), and Gre ax(G2). We distinguish two cases.1 Gu 
is true, 2. it 1s false. 1 For any closed G,, either ©, is false or ©, 1s 
true and hence equivalent to Gi, and hence a,.(G,), which we call G,,, 
is equivalent to Gj: (Tr) and hence also true. Therefore, rs e —R, + 
Ry, Since this holds for any ©,, a; has the characteristic value T for 
the first distribution of degree one (D11-16a). 2 It can be shown 
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analogously that, uf Gy: 1s false, a, has the characteristic value F for 
the first distribution It can be shown m an analogous way with Gs 
that a, has T or F as its characteristic value for the second distribu- 
tion Therefore, a, has a characteristic (D11-21a) but not more than 
one (T12a (2)) 


It is to be noted that no strict analogue to T13 holds 
for L-concepts. Let a; be L-extensional. Then it 1s exten- 
sional and hence has a characteristic (T13) It does not, 
however, necessarily have an L-characteristic. Since a, is 
L-extensional, the semantical rules without factual knowl- 
edge suffice to show that a, has one of the characteristics, 
but they do not necessarily suffice to find out which one. 
And only if they do is that characteristic an L-characteristic 
for ay. If they do not, then a,, though L-extensional, has 
no L-characteristic. 


Example of an L-extensional connective without L-charactenstic 
Let a; be a smgulary general connective in.S_ Let W be the condition 
that Mt Washington is less than 4ooo ft high, and R, be the class of 
those L-states in which W holds Let the following rule of L-range be 
laid down for the full sentence ©, of a, with any component ©,. 
Ri = (Ri X Ry) + (—R, X —Rw) Thus rseR, if and only if 
either rs eR, andrse Ry, or notrse R, and notrseR, Thus G; 1s 
true if either ©, is true and W holds, or ©, 1s false and W does not hold. 
Hence, if G, means (designates the proposition) A, a,(G,) means. A if 
and only if W Let G, and G; be equivalent and @; be as(G;)_ Then 
either both G, and G; have the same truth-value as W, in which case 
G, and G;, are both true, or both have a truth-value different from 
that of W, in which case G, and G, are both false Thus, in any case, 
the full sentences are equivalent Therefore, a, 1s extensional (Tr) 
Since this has been found without factual knowledge, a, 1s L-exten- 
sional [This latter reasonmg 1s rather vague The same result 1s 
shown in the following more exact way on the basis of Dib The rule 
given for Ry holds generally. Therefore, Ry = (Ri X Rw) + (—R, 
X —Rw). By substituting these values for R, and Rj, in the expres- 
sion of a class in D1, after a simple transformation we find that class 
to be (R, X —R)) +(—R, X R) + (R. X RB) + (-R, X —R), 
which isV, Hence, a; 1s L-extensional (D1b) ] Without using factual 
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knowledge, we know that a, has a characteristic, but we do not know 
which one By empurical investigation, measuring the height of Mt. 
Washington, we find that W does not hold It follows that every full 
sentence of a, with a true component ts false, while that with a false 
component is true Hence, a, has the characteristic FT and is a sign 
of negation But FT is not an L-characteristic of a;, and a, 1s not a 
sign of negation, (If we wish to use F-terms, we might say that az 
has an F-characteristic and is a sign of negationr ) 


T12-16a [b]. Let every sentence in S be [L-]true. Then 
for any singulary general connective a, in S, the following 
holds: 

1. a, has T and not F as its [L-]characteristic value 
for the first distribution. 

2. a, has (vacuously) both T and F as [L-]charac- 
teristic values for the second distribution (which 
does not occur). 

3. a, [L-]satisfies generally the first rules for Conn} 
and Conn) (see the table in § 10). 

4. The second rule for any singulary connection is 
not applicable and hence is generally [L-]satis- 
fied by ay. 

5. a, has both TT and TF as [L-]characteristics. 

6. a, is a sign for both ,,;Connj and ,1)Conn}. 

7. S contains no sign for Conn; or Conn; (and 
hence none for ,Conn; or ,Connj). 

8. a; is [L-Jextensional. 

Proof fora [b] 1 and2 For any G,, with the full sentence ©, 
both G, and G, are [L-]true Hence both R, and R; contam rs [areV,], 
while both —R, and —R, do not conta rs [are A,| Hence, 
—R.+ R,,R.+ Ri, and R,+ (—R,) contain rs[areV,], but —R, + 
(—Rx) does not Hence (Drr-16a [b]), a, has T, but not F, as its 
[L-]characteristic value for the first distribution and both T and F 
for the second 3 From (1), Diz-17a[b] 4 From (2) 5 From 
(1), (2), Drz-21a[b] 6 From (5), D1z-23a[b] 7. From (1), 
Dr11-23a |b] 8a All sentences of S are equivalent to one another, 
hence also all full sentences of a, Hence, a, is extensional (Tz) 
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8b. All sentences of S are L-true and hence have the L-range V,, 
hence also any full sentences G, and ©; Therefore, Ri X Ry = Va, 
and hence likewise the class mentioned in D1 Therefore, a, 1s L-ex- 
tensional (D1b). 
The proofs for the following theorems, T17, 20, and 21, 
are analogous to that for T16. 
T12-17a [b]. Let every sentence in S be [L-]true. Then 
for any binary general connective a, in S, the following 


holds: 


1. 


2. 


» 


5. 


6. 


7. 


8. 


a, has T and not F as its [L-]characteristic 
value for the first distribution. 

a, has (vacuously) both T and F as [L-]charac- 
teristic values for the second, third, and fourth 
distributions (which do not occur). 

a, [L-satisfies generally the first rules for the 
eight connections Conn? to Conn} (ie. those 
whose characteristic begins with T). 


. The second, third, and fourth rules for any 


binary connection are not applicable and hence 
are generally [L-|satisfied by a,. 

a, has simultaneously those eight [L-]charac- 
teristics which begin with T. 

a, is a sign simultaneously for the eight connec- 
tions (,}Connj to ¢1)Conng. 

S contains no sign for any of the connections 
Conn? to Conn¥, (and hence none for the corre- 
sponding connectionsr). 

ax 1s [L-]extensional 


T12-20a [b]. Let every sentence in S be [L-]false Then 
for any singulary general connective a; in S the following 


holds: 


1. 


2. 


a, has F and not T as [L-|characteristic value 
for the second distribution. 
a, has (vacuously) both T and F as [L-|charac- 
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teristic values for the first distribution (which 
does not occur). 


. a, [L-]satisfies generally the second rules for 


Connj and Conn}. 


. The first rule for any singulary connection is 


not applicable and hence is generally [L-]satis- 
fied by o,. 


5. a, has both TF and FF as [L-]characteristics. 
6. 
7. S contains no sign for Conn} or Conn; (and 


a, is a sign for both ¢,;Connj and ,(,;Conn}. 


hence none for the corresponding connections;). 
a, is [L-]extensional. 


T12-21a [b]. Let every sentence in S be [L-]false. Then 
for any binary general connective a; in S the following holds. 


1. 


2. 


a, has F and not T as its [L-]characteristic value 
for the fourth distribution. 

a, has (vacuously) both T and F as [L-]charac- 
teristic values for the first, second, and third 
distributions (which do not occur). 


. a, [L-]satisfies generally the fourth rules for the 


eight connections Conn? with even 7 (i.e. those 
whose characteristic ends with F). 


. The first, second, and third rules for any binary 


connection are not applicable and hence are 
generally [L-|satisfied by a, 


. a, has simultaneously those eight [L-]charac- 


teristics which end with F. 


- 0, 1s a Sign simultaneously for the eight connec- 


tions ,1;Conn? with even 7. 


. 5 contains no sign for any of the connections 


Conn? with odd r (and hence none for the cor- 
responding connectionsy). 


. a, is [L-Jextensional. 
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+-T12-25a [b]. If a; is a singulary or binary general con- 
nective in S and has an [L-]characteristic, then a, is [L-]ex- 
tensional. 

Proof fora [b| Let a, be a singulary general connective (the proof 
for a binary connective 1s analogous) which has an [L-]characteristic 
Let G, and G; be any closed sentences with the full sentences ©, and 
©; respectively Let the four classes mentioned in T2(2) be ki, ke, ka, 
and k, If the first truth-value in the [L-]charactenstic of az 1s T, 
both —R,+ Rz and —R; + Rj contain rs [are V,] (Dr1-16a [b]), 
and hence both ks and k, contain rs [are V,;] Likewise, if the first 
value is F, then —R, + (—R,z), —R; + (—Rzg), ka, and ks contain rs 
[are V,] If the second value ts T, then R, + Rx, Ri + Ry, ki, and ke 
contain rs [are V,] If the second value 1s F, then R, + (—Rs), 
R, + (—R,), ke, and k; contain rs [are V.] Thus, in the case of each 
of the possible [L-]characteristics TT, TF, FT, and FF, each of the 
classes ki to k, contains rs [1s V.] Hence a, 1s [L-]extensional 


(T2a [b](2)) 

+T12-26. If a, is a singulary or binary extensional con- 
nective, then a; has a characteristic. (From T13, T16a(5), 
Tr7a(5).) 

This is the converse of T25a. An analogue to T26 for 
L-concepts, which would be the converse of T25b, does not 
hold (see the remark on T13 and the counter-example). 


T12-28a [b]. If a, is asign for :1)Conn} (g = 1 to 4) or 
for (z)}Conn? (r = 1 to 16), then a, is [L-]extensional. (From 
D1r1-23, T25.) 
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§ 13. Theorems Concerning Particular Connections 


Some theorems concerning negation, disjunction, conjunc- 
tion, umplication, equivalence, and the corresponding connec- 
tions; (negation:, etc) are stated Some of these theorems 
state sufficient and necessary conditions for a sign to be a con- 
nective for one of these connections (Ts, T13, T14), the L- 
ranges of full sentences (T15), relations between the connec- 
tions) and certain radical [L-|concepts, eg [L-]true (T20, 
T2s5 to 28), sufficient and necessary conditions for [L-]exten- 
sionality (T31) and [L-]non-extensionality (T32) 


T13-3a[b]. a, [L-]satisfies generally the rule Nz for 
negation in NTT in S if and only if a, is a singulary general 
connective in S, and for any closed ©, with the full sentence 
©, the following condition (stated in three forms) is ful- 
filled: 

1. —R, +(-—R,) contains rs [is V,]. (From 
Di1-17a [b], D11-16a [b]. 

2. R, X Ry does not contain rs [is A,]. (From 
(z).) 

3. G, and G, are [L-Jexclusive. (From (1) [(2)], 
[I] D20-18[ 10] ) 

T13-4a [b]. a, [L-]satisfies generally the rule N2 in 
NTT in S if and only if a, is a singulary general connective 
in S, and for any closed G, with the full sentence G, the 
following condition (stated in three forms) is fulfilled. 

1. R, + R, contains rs [is V,] (From D11-17a [b], 


D11-16a [b].) 

2. —R, X —R, does not contain rs [is A,]. (From 
(z)-) 

3. G, and ©, are [L-|disjunct. (From (1), [I] D20- 
1719].) 


+T13-5a [b]. a, is a sign of negation:y) in S if and only 
if a, is a singulary general connective in S, and for any 
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closed G, with the full sentence ©, the following condition 
(stated in three forms) is fulfilled: 
1. Both R, + R, and —R, + (—R,) (and hence 
also their product) contain rs [are V., and hence 
R, = —R,]. (From Tr1-12, T3(1), T4(z).) 
2. S, and ©, are [L-|disjunct and [L-Jexclusive. 
(From T3(3), T4(3).) 
3. G, and ©, are [L-|non-equivalent [and hence, 
R, = —R,]. (From (2), Tr1-7(5) [and D11-9].) 


T13-10a [b] (lemma). A binary general connective oa, 
in S [L-]satisfies generally one of the rules in NIT men- 
tioned below (Djz to 4 for disjunction, Cx to 4 for conjunc- 
tion, Ir to 4 for implication, Ez to 4 for equivalence) if and 
only if, for any closed sentences ©, and 6, with the full sen- 
tence ©,, the class specified below for that rule contains rs 
{is V.]. (From Dr1-23, Dr1-21, D11-17, D11-16.) 


RULE CLass 

1. Dj1 —R, +(—R;) + Re 

2. Dyj2 —-R,+R,+R: 

3. Dy3 R, + (—R,) + Re 

4. Dy4 R, +R, + (—R,) 

5. Cr —R, + (—R,) + Re 

6. C2 —R, +R;+ (—R,) 

7. C3 R, + (—R;) + (—R,) 

8. C4 R, +R, + (—R:) 

9. In —R, +(—-R,) +R: 
10. I2 —R, +R, +(—R,) 
il. 13 Ri + (—R,) + Re 
12. 14 R + R; + Rz 
13. Ei —R,+(—R,) +R: 
14. E2 —R,+R;+(—Ri) 
15. E3 R, + (—R,) + (—Rz) 
16. E4 R,+Ry+R: 


+T13-13a [b]. A binary general connective a, is a sign 
for t1;Conn? (r = 2, 5, 7, 8) in S if and only if, for every 
closed G, and ©, with the full sentence ©;, the two classes 
specified below (and hence also their product) contain rs 
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[are V,, or, in other words, if and only if the condition A 
stated below is fulfilled]. (From T11-12, Tz0o.) 


CONNECTION CLASSrs A 


r 

2| disjunction | —(R,+R,) +R: and R, + R, + (~—R:,) R.=R.+R, 

s| umplication | (R, X —R,) +R, and —R,+R, +(—Rz) | Re = —R, +R, 

7\ equivalence | (R. X —R,) +(—R, X R,) + Ri and Rz = (Ri X R,) 
(R, x R,) + (-R, x —R,) + (—Ra) + (—-R, x —R,) 

8] conjunction | —(R, X R,) + Ri and (R, X R,) +(—Rs) | Ri= RXR, 


+7T13-14a [b]. A binary general connective ao, is a sign 
of conjunction (1; in S if and only if, for every closed G, and 
S,, 4.(G,,S,) is [L-Jequivalent to {S,,S,}. (From T13(8), 
[I] D2o-rb, T11-6(2).) 


The following theorem states the L-ranges of full sentences 
of some connections; in terms of the L-ranges of the com- 
ponents. 

+T13-15. For any closed ©, and G, in S, the following 
holds if S contains the connectives referred to: 

1. Lr(negr(G,)) = —R,. (From Tsb(z).) 

2. Lr(dis,(G,,S,)) = R, + R,. (From T13b(2).) 

3. Lr(impi(G,,S,)) = —R, +R, (From Tx13b 
(5)-) 

4. Lr(equi(G,,6,)) = (R. x R,) + (-R, x —R,) 
(From T13b(7) ) 

5. Lr(conz(G.,6,)) = R, X R,. (From T13b(8).) 


+T13-20a [b]. For any closed 6, and G, in S, the follow- 
ing holds if S contains the connectives referred to. [If S 
contains NTT, then the relations stated hold also for the 
L-concepts by NTT (D11-29 to 32).] 

1. neg,1;(G,) is [L-]true if and only if 6, is [L-] 

false. 
2. neg(1)(G,) is [L-]false if and only if ©, is [L-] 

true. 
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3. dis 1;(G.,S,) is [L-]true if and only if 6, and 6, 
are [L-]disjunct. 

4, dis(1;(©.,6,) is [L-]false if and only if both 6, 
and 6, are [L-]false. 

5. con :13(.,6,) 1s [L-]true if and only if both 6, 
and G, (and hence {6,, ©,}) are [L-]true. 

6. con(1}(S.,S,) is [L-]false if and only if G, and 
6, are [L-]exclusive. 

7. imp(1(G.,,) is [L-]true if and only if 6,776, 

8. imp 1;(S.,S,) is [L-]false if and only if ©, is 
[L-]true and 6, [L-]false. 

9. equi1;(S.,6,) is [L-]true if and only if 6, and 
G, are [L-|equivalent. 

10. equcr3(S.,S,) is [L-]false if and only if 6, and 
©, are [L-]non-equivalent (and hence [L-]dis- 
junct and [L-]exclusive). 

Proof. (a) can easily be shown with the help of the characteristics 
of the connections involved, or, in other words, with the rules of NTT. 
— Proof for (b). Let the full sentence in each case be G, 1 Gy 18 
L-true if and only if R, 1s V, (D11-5), hence if and only if R, 1s A. 
(Tsb(z)), hence if and only if R, 1s L-false (D11-6) 2 Likewise from 
D11-6, Ts5b(z), Dr1-5 3 ©, 1s L-true of and only if R; = V,, hence 
if and only of R, + R, = V, (T13b), hence if and only if ©, and ©, 
are L-disyunct ([I] D2o-9) 4 G,1s L-false if and only if R, + R,=A, 
(D11-6, Tr3b(2)), hence if and only if both R, and R, are A,, hence 
if and only if both ©, and ©, are L-false (5) from Ti4b (6) from 
Tr14b, [I] D20-10 7 ©, 1s L-true if and only rf —R, +R, = V, 
(T15(3)), hence if and only if R,C R,, hence if and only if 6, 7S, 
(Di1-7) 8 G, 1s L-false if and only 1f —R,+ R, = A, (T15(3)), 
hence if and only if R, = V, and R, = Aa, hence if and only if G, is 
L-true and ©, L-false 9 ©G, 1s L-true if and only if (R, X R,) + 
(—R, X —R,) = Vs (Tr5(4)), hence if and only if ©, and G, are 
L-equivalent (T11-6b(z)) 10 ©, 1s L-false xf and only if (R, X R,) 
+ (—R, X —R,) = A, (T15(4)), hence 1f and only if G, and G, are 
L-non-equivalent (T11-7b(4)), and hence L-disyunct and L-exclu- 
sive (T11-7b(5)) — Since the relations hold for any components ©, 
and ©,, they hold also for the L-concepts by NTT. 
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If S contains signs for the connections;1) involved, then 
theorem T2o gives sufficient and necessary conditions for 
certain radical, L-, and F-concepts, namely for (L-, F-) falsity 
(x), disjunctness (3), implication (7), and equivalence (9). 
This is the method of the so-called characteristic sentences, 
which has been previously explained ({I] § 22, especially 
T22-1 to 4) but can be exactly formulated only now that 
definitions for the connections have been given. 


The parts (a) of the following theorems T25 to T28 are 
quite elementary and well-known. They can easily be proved 
with the help of truth-tables (i.e. on the basis of the semanti- 
cal rules of NTT). Therefore we refer in the proofs to the 
parts (b) only. 

T13-25a [b]. If S contains the connectives referred to, 
each of the following sentences is [L-]érwe in S for any closed 
©m [and, moreover, L-true by NTT, if S contains NTT]: 

1. dis (1}(Gn,neg (11(Sn))- 
2. dis(ri(neg (11(GSn),Em)- 

Proof forb For each of the sentences stated, the L-range can easily 
be found to be V,, with the help of Tr5 ‘Therefore, the sentence 1s 
L-true (D11-5) For example, the L-range for (1) 1s found to be R,,+ 
—Rn, which is V, If S contains NTT, then each of the sentences 1s, 
moreover, L-true by NTT (D11-30) because it 1s L-true for any ©,, 

T13-26a [b]. If S contains the connectives referred to, 
then in each of the following cases ©, [Z-|implies T, for any 
closed G,, and ©, (and, moreover, £, L-implies T=, by NTT 
if S contains NTT]. 


x, 
1 Gn dis {u] (Gn, Ga) 
2. S, disti}(Gns Gn) 
3. con(t}(Gm, Sn) Gn 
4. con(t}(Gm, Ga) Sn 


Proof for b In each case, by determining the L-ranges with the 
help of T1z5 and Tx1-1, it 1s easily found that R,C R,, therefore, 


4244 
Rie | 
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©,7 Tf, (Dr1-7) For mstance, m (1), Ry = Rm, R, = Ru + Ra 
(T15(2)) For L-implication by NTT, see Dr1-29. 

T13-27a [b]. If S contains the connectives referred to, 
then in each of the following cases £, and &, are [L-]equiva- 


lent for any closed &,, and G, [and, moreover, L-equivalent 
by NTT if S contains NTT]. 


x, x, 
1. neg(i}(neg[}(Gm)) Gn 
2. ump[t](Gm, Gn) dis(i}(neg[t}(Gm), Gn) 
3. contr }(Gn, S,) {Ga; Sn} 


Proof for b In each case with the help of T15 and T11-1, it is 
found that R, = R,, therefore, T, and T, are L-equivalent (D11-8). 
For instance, in (1), Ri = — (—Rm) = Rn, R, = Ra For L-equiv- 
alence by NTT, see D11-32 

T13-28a [b]. If S contains the connectives referred to, 
the sentence con(r}(Gnneg(rj(Sm)) is [L-]false for any 
closed ©,, [and, moreover, L-false by NTT if S contains 
NTT]. 

Proof for b. The L-range of the sentence 1s Rn X —Rm, hence A, 
(Txs). Therefore the sentence is L-false (Dr1-6). For L-falsity by 
NTT, see Dr1-31 

T13-31a [b]. Let S contain a singulary general connec- 
tive a, and signs of equivalence) and implication ,,}. Then 
each of the following conditions is a necessary and sufficient 
condition for a; to be [L-]extensional 

1. For any closed G, and @ with the full sentences 
G, and S, equir(S.,S;) wy equi Si, G). 

2. For any ©, S!, Gz, and © as in (1), impr) 
(equ (x3(S.,S1), equ x3(Sz,S;)) is [L-]true. 

(x) holds analogously for a binary connective, with 
{equ 11(S.,S;), equir(S,,S;)} wz equrri( Se, S). 

Proof a(x). a» is extensional if and only if ©, and ©; are 
not equivalent or G, and G, are equivalent (Tr), hence if and only 
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if equ(G,,G;) 1s false (T20a(10)) or equ(G:,S;) is true (T20a(9)), 
hence if and only if equ(G,,S,) —> equ(@:,;) ([1] (Do-3)) — b(1) 
a, 1s L-extensional if and only if ((R, X Ri) + (—R, X ~R))) C 
((Re X Ra) + (—Re X —Ri)) (T12-2b(1)), hence if and only if 
Lr(equr(G,,G;)) C Lr(equi(Gz,;%)) (T14b(4)), hence if and only if 
equ,,S) 7 equ(S.,Gi) (D11-7) — a[b](2) from a[b](1), T20a 
[b](7). 


T13-32a [b]. Let S contain a singulary general connec- 
tive a, and a sign of equivalencerr;. a, is [L-Jnon-exten- 
sional if and only if there are closed G, and Gj, with full 
sentences of a, ©, and ©, such that equi1;(G,,6;,) is 
[L-]true and equrrj(G,,S,) is [L-]false. (From T12-3, 
T20(9) and (10).) Analogously for a binary connective. 

T13-35a [b]. Let S contain a sign of negation 1). Then, 
for any closed G, and G;, with full sentences of negation (1) 
©, and &;, the following holds: 

1. G 7 Si if and only if S,  S. 
2. G, and ©, are [L-Jequivalent if and only if 6, 
and G; are [L-]equivalent 
Proof a(x) From rules N1 and 2 1n NTT, and [I] Do-3 — b(1) 
From T15(1), D11-7. — (2) from (2) 

T13-38a [b]. Let S contain a sign of disjunction (yz). 
For any closed &,, ©, , in S, if S, 7 S then dis;1)(S,, 
G,) zB disizi(S,S,). (a. From rules Djz to 4 in NTT. — 
b. From T15(2), D11-7.) 

T13-39. Let S contain a sign of disjunction, Let Gi, S, 
and the sentences of &, be closed. Let §, be the class con- 
structed out of &, by replacing each sentence G,, in &, by 
dis,(G,,,,). If #, = S,, then &, > dis,(S,S,). 

Proof. R, is the product of the classes Rm -+ R,, one for each 
sentence ©, in &, (T15(2)). Hence, Rk =R, +R, If UPS, 
R,C R, (D11-7), hence R, + R,C R, + R,, hence &; >* dis:(G.,G,). 


C. INTERPRETATIONS OF PC 


The possibilities of true interpretations for PC are examined. 
The system NTT is an L-true interpretation for PC It 1s 
called the normal interpretation for PC (§ 14). The analysis 
leads to the result that there are two kinds of true non-normal 
interpretations for PC (§§ 15-17) Therefore, PC is not a full 
formalization of propositional logic (§ 18) 


§ 14. NTT as an L-true Interpretation for PC 


The well-known fact that the two customary methods for 
dealing with the propositional connectives — PC and NTT — 
lead to the same results is here formulated and proved m our 
terminology It 1s shown that, under certam conditions, a 
system S containing NTT is an L-true mterpretation for a 
calculus K containing PC (T4) 


In this chapter, C, we shall discuss the possible true inter- 
pretations of PC, or, more precisely, of the propositional con- 
nectives of PC. We shall leave aside here the problem of the 
interpretation of the propositional variables, although with 
respect to C-extensional calculi ([I] D31-18), which are most 
frequently used, it is rather simple [For the semantics of 
variables in general, see [I] §11 It 1s planned to discuss the 
problem of interpretations for propositional variables in a 
later volume, in connection with the discussion of extensional 
and non-extensional systems | Therefore, the discussion in 
this chapter will refer only to calculi contaming PC without 
propositional variables. [As we have seen in § 10, the truth- 
tables apply only to closed sentences and therefore not to 
forms of PC with propositional variables.] For the sake of 
simplicity, we refer in this chapter only to the forms PC, and 
PC. On the basis of the definitions in § 4, the results hold 
likewise for any other form of PC. 
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The following theorem, Tx, says in effect that the defini- 
tions of other connectives on the basis of neg, and disc in 
PC?, as described in the table in § 3, are in agreement with 
NTT. 

T14-1 (lemma). Let K contain PC,. Let S contain the 
sentences of K and contain NTT (D11-26) in such a way 
that the signs neg¢ (‘ ~’) and disc (‘ v’) in K are simultane- 
ously the signs of negation, and disjunction, in NTT in S. 
Let &! be the sentence given for ~Conn! (g = 1 to 4) in 
column (5) of the table of connections in § 3, and likewise 
@ that for -Conn? (r = 1 to 16), the components ©, and 
@, being any closed sentences in K. Then G} and 5,(G,) are 
L-equivalent by NTT in S, and likewise 6? and c,(G,,6,). 

This theorem 1s well-known It can easily be verified by showing 
with the help of truth-tables that in each case the two sentences have 
the same L-characteristic On the basis of our definitions, it can be 
shown by determining the L-ranges of the two sentences, it turns out 
that they are identical, and hence the sentences L-equivalent (D11-8) 
Thus eg for r= 5, Lr(dis(neg(G,),S,)) = —R.+ R, (Tx3-15(1) 
and (2)), and hkewise Lr(imp(,,S,)) = —R, +R, (T13-15(3)). 
Since the two sentences are L-equivalent whatever the components 
©, and ©, may be, they are L-equivalent by NTT (D11-32). 


The following theorem, T2, says in effect that the rules of 
deduction in PC? are in agreement with NTT. [It is to be 
noted that the conditions involve that all sentences in S be 
closed (C, D11-26), and hence also all sentences in K (B) ] 

T14-2 (lemma). Let K and S fulfill the following con- 
ditions: 

A. K contains PC, or PC?. 

B. All sentences in K belong to S. 

C. S contains NTT in such a way that the sign for 
a connection, of PC in K is simultaneously the 
sign for the corresponding connection; of NTT 
in S (ie. ch, in K = b, in S (g = 1 to 4), and 
ctyin K = c,in S (ry = 1 to 16). 
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Then the following holds- 

a. If G, is a primitive sentence in K in virtue of 
(the primitive sentence schemata of) PC,, then 
©, is L-true by NTT in S. 

b. If &: 3¢ GS, in virtue of the rule of inference of 
PC. thea R. ~ S, by NTTin S 

c. If S, 32 GS, in virtue of one of the definition 
tules of PC}, then S, > 6, by NIT in S. 

The proofs are well-known They can easily be given by an analy- 
sis of each of the rules of deduction in PC? They are usually given 
on the basis of the truth-tables NIT On the basis of our definitions, 
arn given by determining the L-ranges with the help of T13-15(1) 
and (2 

a. For every primitive sentence, the L-range 1s Vz —b If 
Rx 7@S, according to D2-2b(5), then R,= R, X (—R,+R,) 
(Tr1-1) = R, X R,, hence R,C R,, hence &, ~ 6, (D11-7). — 
c. From Tx — The L-concepts hold by NTT (D11-30 and 29) be- 
cause they hold for any components 

+T14-3. Let K and S fulfill the three conditions (A) to 
(C) in T2. Then the following holds. 

a. If ©, ~ &, in K by PC (ie. either PC, or PC?), 
I,> I, by NTTinS (From Tz) 

b. Tf r. is C-true in K by PC, &, is L-true by NTT 
in S. (From (a).) 

+T14-4. Let K and S fulfill the following conditions. 

A, B, C, as in T2 

D. K does not contain other rules of deduction 
than those of PC, or PC?. 

Then S is an L-irue «nterpretaivon for K. 

Proof. From T3a and [I] D34-1, because K does not contain rules 
of refutation (D) 

+T14-5. Let K and S fulfill the following conditions: 

A, B, CG, as in T2. 
D. K contains all sentences of S. 
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Let &, be non-empty and finite, and T, and &, be finite. 
Then the following holds: 
a. If G, is L-true by NTT in S, then 6, is prova- 
ble and hence C-true by PC (D4-2) in K. 
b. If &, = S, by NTT in S, then &, is derivable 


from &, and hence a C-implicate of #, by PC 
in K. 

c. If £, ~ &, by NIT in S, then I, — &, by PC 
in K. 

Proof a. As is well-known, a proof for ©, m K under the condi- 
tions stated can be constructed with the help of the conjunctive nor- 
mal form (see Hilbert [Logik] Kap I, § 3) — b. Let G, bea sentence 
constructed so as to be C-equivalent to &, by PC in K (eg a con- 
junctione of the sentences of %,:) Then ©, 1s L-equivalent to &, by 
NTT in S (T3a) Hence, if the condition in (b) 1s fulfilled, G, > S, 
by NTT Therefore, mpi(,,G,) 1s L-true by NTT in S (T13-20b(7)) 
Hence hkewise disr(negz(G,),G,) 1s L-true by NTT m S (Tx3-27b(2)) 
and C-true in K (a) Its the same sentence as disc(negc(G.),,) (C) 
Therefore, ©, @ G, m K (T7-1), and R, 7 S, mn K —c. If Tisa 
non-empty, finite ®,, and T, 1s G,, the assertion 1s the same as (b). If 
&, us A, and &, is G,, and T, — T, by NTT, then J, 1s L-true by 
NTT in S (D11-30) and hence C-true m K (a), therefore T, — , in 
K If &, 1s &,, and Z, > &, by NTT, then for every sentence ©; of 
R,, ZT. 7? Si by NTT, and hence T, @ G,m K Therefore I, — f, 
in K ([1] T29-40) 


T5c shows that, under the conditions stated, K is an 
L-exhaushve calculus for S ({I] D36-3) as far as C-implica- 
tion among finite & is concerned (i.e. leaving aside infinite 
classes and L-falsity). 


In the customary termmology, PC 1s said to be a complete calculus. 
This 1s sometimes meant in the sense that every sentence which is 
L-true by NTT (‘‘tautology”) 1s C-true (“provable”) (Ts5a), some- 
times in the sense that, in the form of PC with propositional variables 
as the only ultimate components (see § 2 at the end and § 4 at the 
end), every sentence is either C-true (“provable”) or C-comprehen- 
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sive (usually called “‘refutable”) For proofs of completeness in the one 
or the other sense, see Quine, Journ Symb Log , vol 3, 1938, pp 37ff, 
and his references to other authors: Post (1921), Hilbert and Acker- 
mann (1928), Lukasiewicz (1931), Hilbert and Bernays (1934), Kalmar 
(1935), Hermes and Scholz (1937) We shall see later that, in a stricter 
sense of completeness, PC is not complete 


§ 15. Non-Normal Interpretations of Signs of Nega- 
tion, and Disjunction, 


The concepts of normal and L-normal interpretations for the 
connectives in a calculus are defined with the help of NTT (Dz). 
It 1s shown that, under certain conditions, 1f a calculus con- 
tains two signs for the same connectionc and the first has a 
normal or L-normal interpretation, then the second has, too 
(Tr and 2) (This result might mislead us into the erroneous 
assumption that non-normal interpretations are impossible ) 
A non-normal interpretation of a connective would involve the 
violation of a truth-table Therefore, the consequences of sup- 
posed violations of the single rules n NTT for disjunction (Djr 
to 4, § 10) and negation (Nx and 2) are examined Some of the 
results: Djz, 2, and 3 are generally satisfied (T4), 1f Nx 1s once 
violated, then it is always violated and all sentences are true 
(Ts), if N2 1s once violated, then the sign of negationc 1s non- 
extensional (T7), 1f Dyq 1s once violated, then the signs of dis- 
junctionc and negationc are non-extensional (T8) 


We have already defined the syntactical concepts of signs 
for connections, in a calculus, e.g. ‘sign of disyunctiong in 
K’, and the semantical concepts of signs for connections in 
a semantical system, eg. ‘sign of disjunction (or disjunc- 
tion) in S’. Now we shall define a related concept which — 
like the concept of interpretation — refers both to a calculus 
and to a semantical system and hence belongs neither to 
syntax nor to semantics but to the combined field which we 
have called the theory of systems (compare [I] § 5 at the end 
and § 37). If, for instance, a; is a sign of disjunctiong in K 
and simultaneously a sign of disjunction (or of disjunctionz) 
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in a true (or L-true) interpretation S for K, then we shall 
say that a, has a normal (or L-normal, respectively) inter- 
pretation in. S. D1 formulates this for connections in general. 

+D15-1a [b]. The connective a, in K has an [L-]normal 
interpretation in S =p; S is an [L-]true interpretation for 
K, a, isa sign for (Conn) or (Conn? in K (D4-3) and simul- 
taneously a sign for the corresponding connection 1) (1j}Conn} 
or ¢yjConn? in S (D11-23a [b]). 

We shall now show that under certain conditions, if one 
sign for a certain connection in K has an [L-]normal inter- 
pretation in S, then the same holds for any other sign for the 
same connection in K (Tx and 2). 

+T15-1a[b]. Let K fulfill the following conditions 

A, as in T8-9 (two signs of negationc, nega and 
Neco). 
B and CG, as in T6-10. 
Then the following holds If negq has an [L-]normal inter- 
pretation in S, then also negeo. 

Proof for a[b] Let the conditions be fulfilled and ©, be a closed 
sentence in K Then negco(@,) and nego2(G,) are C-equivalent in K 
(T8-9a) Since S 1s an it-jtrue interpretation for K (D1), the two 
sentences are [L-Jequivalent in S ({I], T33[34]-8g) Since nege: has 
an [L-]normal interpretation, it 1s a sign of negations) in S (D1) 


Therefore, negce 1s also a sign of negation,1) m S (T11-17) and hence 
has an [L-]normal interpretation 


+T15-2a [b]. Let K fulfill the following conditions 
A. K contains two sub-calculi K, and K,, both 
containing PC}. 
B and G, as in T6-10. 
D. a,, and a, are connectives for the same connec- 
tion, of PC? in K, and K,, respectively. 
Then the following holds: If a, in K has an [L-}normal in- 
terpretation in S, then a, likewise. (From To-4a, T11-17, 
in analogy to Tt.) 
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We shall now study the question of the possibility of non- 
normal interpretations for the connectives of PC If we try 
to answer this question without closer investigation, we 
might be tempted to guess a negative answer. It will be 
shown that for conjunction, a non-normal interpretation is 
indeed impossible. And we might perhaps believe that if a 
non-normal interpretation for another connection were pos- 
sible, then in a calculus containing two connectives for this 
connection one could be interpreted normally and the other 
non-normally Our previous result that this latter case can- 
not occur (Tz and 2) might thus lead us to the assumption 
that non-normal interpretations are impossible. These con- 
siderations, however, turn out to be erroneous; we shall find 
non-normal interpretations. 

Let K contain PC, or PC? and a, be a sign for the connec- 
tion Conn? in K. Let S be a true interpretation of K such 
that the following is the case (provided this is possible; that 
will be discussed later): a, is not a sign for Conn? in S and 
hence has a non-normal wterpretation in S (D1). Then at 
least one rule for Conn?, represented by a line in the truth- 
table for this connection, will be violated by a, in S in at 
least one instance, i.e. with respect to at least one pair of 
closed sentences as components This violation of a normal 
truth-table by a, is not necessarily such that a, has another 
truth-table in S. Let us suppose that a certain rule for Conn? 
in NTT states the value F for the value distribution TF of 
the components. Then it may happen that for some in- 
stance with the values TF the full sentence of a; is indeed 
false, while for another instance with the same values TF it 
is true. If this happens, a, has no truth-table in S, neither 
the normal nor another one; the truth-value of a full sen- 
tence of a, is not a function of the truth-values of the com- 
ponents; a, is non-extenstonal (D12-2, T12-6). 

In order to find possible non-normal interpretations for 
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signs of negation, and disjunctiong, we shall now study the 
possibilities of a violation for each of the rules for disjunction 
(Djx to 4) and negation (Nz and 2) in NTT, and analyze 
the consequences of these violations. It will first be shown 
that Djz, 2, and 3 cannot be violated (T4). Then Djq4, Nz, 
and N2 will be analyzed 

As has been remarked previously, we must distinguish 
between the concepts ‘sign of negation, in K’ and ‘sign of 
negation (or negationz) in S’, the first being syntactical, the 
second and third semantical. This distinction is of especial 
importance in the cases now to be studied, where rules of 
NTT are violated. If a sign of negation, in K violates in $ 
one of the rules Nx and N2, then it is not a sign of negation 
in S. 

For some of the theorems in this and the following sec- 
tions, we state two procedures for the proof, marked by ‘I’ 
and ‘II’. Procedure I is rather simple; it is based on the 
formulation of the rules of NTT (eg. Djx to 4) as given in 
§ xo. Procedure II is more exact and more technical, it is 
based on the definitions in § 11 in terms of L-range. I ap- 
plies only to radical concepts, if a theorem refers both to 
radical and to L-concepts (usually by ‘a [b]’), then II applies 
to both. The results concerning non-normal interpretations 
will be chiefly in radical terms. Therefore a reader who is 
chiefly interested in those results and not in the general 
theory of true and L-true interpretations of PC, and who 
wants to travel an easy road to these results without tech- 
nicalities, may skip part II in the proofs. 


T15-4a [b]. Let K contain PC, Let S be any [L-]true 
interpretation for K. Then dis, in K [L-]satisfies generally 
the rules Dj1, 2, and 3 of NIT 

Proof for a[b] Let ©, and ©, be any closed sentences in K, and 
Gy, be disc(G,,S,) Then G, 1s a C-umplicate m K both of ©, and of 
©, (Ts5-2b, c), and hence an [L-]mphicate in S both of G, and of S, 
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([1] T33[34]-8e) I, for (a) Therefore, xf G, 1s true nS, ©, 1s true 
([I| To-z0), thus Djz and Dy2 are generally satisfied (T11-11) And 
if G, 1s true, G;, 1s true, thus Dy3 1s generally satisfied — II, for a[b]. 
Since S, 7} Sn S, —R, + Ry contaus rs [is V,] ([1] T20-28[20]). 
Likewise, —R, + R, contams rs [1s V,] Hence, also —R, + (—R,) 
+ Ri, —R, +R, + Ri, and R, + (—R,) + Ry contain rs [are Vil. 
Therefore, disc has the [L-|characteristic value T for the first, second, 
and third distribution in S (D11-16) Since the first, second, and third 
values in the characteristic of disyunction are T (see column (5) in the 
table m § 10), disc [L-]satisfies generally Dy1, 2, and 3 (Drr-r7). 


T15-5. Let us suppose that K and S fulfill the following 
conditions (without asserting that this is possible) 

A. K contains PC,. 

B. S is a true interpretation for K. 

C. neg, in K violates the rule Nz of NTT at least 
once in S, say with respect to G. 

Then the following holds 

a. Both G, and neg,(€;) are true. 

b. Every sentence of K is true in S. 

c. neg, always violates N1. 

d. N2 is not violated by negc, nor Dj2, 3, and 4 
by dis,; but these rules have no instances of 
application. 

Proof I a Nx (§ 10) applied to negc says that, if G, 1s true n'S, 
nego(G,) 1s false. Hence, the violation of Ni with respect to G: (C) 
means that both ©, and negc(Gi) are true —b {G,, negc(G:)} is 
true ((a), [I] D9-1) Every sentence of K 1s a C-imphicate of this class 
in K (T5-21) and hence an implicate of it in.S (B) and hence also true 
in. S —c For every closed ©, mn K, both ©, and negc(G,) are true 
in S (b), hence Nz 1s always violated —d From (b) —II a Since 
negc violates Nx with respect to G, (D11-15), G, has the first dis- 
tribution, 1e T (D1o-2), and negc(@:) does not have the first value 
in the characteristic for negation, which 1s F, thus 1t too has T. — 
b From (a) (as m I) —c From (b) —d From (b), Tr2-16a(4), 
Tr2-17a(4) 


T15-6 (Corollary). If K contains PC, and S is a true 
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interpretation for K and at least one sentence of K is false 
in S, then neg, in K generally satisfies the rule Nz in S. 
(From Tsb, T11-11.) 


115-7. Let us suppose that K and S fulfill the following 
conditions (without asserting that this is possible): 

A and B, as in Ts. 

C. neg, in K violates the rule N2 of NTT at least 
once in S, say with respect to G,; let Gs be 
disc(Gi nege(Gi)). 

Then the following holds. 

a. Both ©, and neg,(G) are false. 

b. neg, in K generally satisfies Nz in S. 

c. Gs; 1s true. 

d. dis, in K violates Djq4 with respect to G, 

neg,(G). 
. Negc(Gs) is false. 
. negc(neg-(s)) is true. 
negc satisfies N2 with respect to neg,(Gs). 
. eg, in K is non-extensional in S. 
If K, moreover, fulfills the conditions (B) and 
(C) in T6-10 and contains another sign of nega- 
tion,, negc, then this sign too violates N2 and 
is non-extensional in S. 

Proof a. From (C), in analogy to T5a —b From (a), T6 — 
c Gs 1s C-true in K (Ts-1a), and hence true n S (B).—d_ From (a), 
(c) —e. From (b), (c), (II Tx1-11).— f negc(negc(Gs)) 1s C-equiv- 
alent to Gs nm K (T5-3a), hence equivalent to 1t in S (B), and hence 
true (c).—g From (e), (f) —h From (g), (C), Tx2-6 —i. For 
any closed G,, nego(G,) and negc(G,) are C-equivalent in K (T8-9a) 
and hence equivalent m S (B) Therefore negg satisfies and violates 
Na with respect to the same sentences as negc. 


T15-8. Let us suppose that K and S$ fulfill the following 
conditions (without asserting that this is possible): 
A and B, as in Ts. 


m pga > © 
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C. dis, in K violates the rule Dj4 of NTT at least 
once in S, say with respect to Gi, G2. 
Then the following assertions (a) to (g) hold- 
. Both G, and & are false, dis,(G,,G.) is true. 
- S, and G, are different. 
. neg. in K generally satisfies Nx in S. 
. neg,(@;) is false, hence, negc violates N2 with 
respect to ©; the same holds for G2. 

e. dis.(neg.(Gi),Gs) is false, hence, dis, satisfies 
Dj4 with respect to neg.(G:), Ge; the same 
holds for Gi, negc(Ge) 

f. dis, in K is non-extensional in S. 

g. neg, in £ 1s non-extensional in S. 

If K, moreover, fulfills the conditions (B) and (C) in T6-10, 
then, i in addition, the following assertions (k) to (n) hold. 

k. If K contains another sign of disjunctiong, say 
dis,, then this sign, too, violates Dj4 and is 
non-extensional. 

I. If K contains another sign of negationc, say 
negg, this sign, too, violates N2 and is non- 
extensional. 

m. Every sentence ©, which is a C-implicate in K 
both of G, and of G, is true in S. 
n. Se is not a C-implicate of G, in K, nor G of Se. 


Anoop 


Proof a From (C), in analogy to Tsa —b If Gs were Gi, then 
Gi, bemg a C-implicate of disc(G,S;) in K (T5-2a), would be a C- 
implicate of disc(Gi,G-) n K and hence an implicate of this sentence 
in S (B), and hence true in S like this sentence (a) But ©; 1s not true 
(a) Therefore ©, must be different from ©, —c From (a), T6 — 
d G, 1s a C-mplicate of {disc(G1,G:2), nege(G:)} m K (T5-2e) and 
hence an implicate of this class in S$ (B) disc(G1,Gs) 1s true (a), if 
now negc(Gi) were true, the class mentioned would be true and hence 
Gs too But this is not the case (a) Therefore nego(@,) cannot be 
true and must be false Since ©; 1s false (a), N2 1s violated The 
reasonmg for negc(@:) 1s analogous —e Ge 1s a C-implicate of 
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{disc(G1,Ge), disc(nege(G@1),G2)} m K (T5-2h), and hence an implicate 
of this class in S$ (B) The first element of the class 1s true (a), if now 
the second were true, Gz would be true, but 1t 1s not (a) Therefore, 
disc(negc(G1),G2) must be false Hence, Dj4 1s satisfied in this case 
(d, a) The reasoning for disc(@i,negc(Ge)) 1s analogous —f From 
(e), (C), Tx2-6 —g From T7h because N2 1s violated (d) 

k From (C), T7-4a (the proof 1s analogous to that of T71) — 1 
From (d), T8-9a —m If ©, 1s a C-implicate both of ©, and of Gs, 
it is a C-rmphicate of disc(@i,Ge) mn K (T7-2b) and hence an implicate 
of this sentence m S (B) and hence true because disc(@:,@.) 1s true 
(a).—n If G, were a C-implicate of ©, mn K it would be true m S 
(m). But it 1s not true (a) Analogously for ©, 


T15-9. Let K contain PC,. 
a. If neg, in K has a normal interpretation in S, 
then dis, likewise 
b. If dis, in K has a normal interpretation in S 
and at least one sentence of K 1s false in S, then 
neg also has a normal interpretation in S. 
Proof a Let nego have a normal interpretation n S Then it 1s 
a sign of negation in § (Dr) and hence does not violate N2 with re- 
spect to any sentence (T11-12a, T11-11) ‘Therefore, disc does not 
violate Dj4 in any case (T8d) and hence generally satisfies Dy4 (T11- 
11) Further, disc generally satisfies Djz to 3 (T4) Hence, it is a 
sign of disjunction in S (T11-12a) and has a normal interpretation 
(D1) —b Let the conditions be fulfilled Then (in analogy to (a)) 
disc does not violate Dj4 m any case (D1, T11-12a, T11-11). There- 
fore, negce generally satisfies N2 (T7d, Tx1-11), and also Nx (T6). 
Hence, it 1s a sign of negation (Tr1-12a) 
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§16. Non-Normal Interpretations in General 


The possibilities of non-normal (true) interpretations for 
all smgulary and binary connectives m PC are examined with 
the help of NTT (see table) It 1s found that the sign of con- 
junctionc and some other less important connectives always 
(ie im any true interpretation for a calculus K containing PC?) 
have a normal interpretation (Tr) If the sign of negationc 
has a normal interpretation, then every other connective has 
too (T3). We distinguish two kinds of non-normal interpreta- 
tions, in the first kind, every sentence (in K) 1s true (in 5S), in 
the second kind, at least one 1s false For any case of the first 
kind, the following holds (T6, columns (5) to (7) of the table): 
the singulary connectives nos 1 and 2, and the binary nos. 1 
through 8 have a normal interpretation, but the others have 
not, all connectives are extensional For any case of the sec- 
ond kind, the following holds (T7, columns (8) to (10) of the 
table): the singulary connectives nos 1, 2, and 4 and the 
binary nos 1, 4, 6, 8, and 16 have a normal interpretation, 
the others have a non-normal interpretation and are non- 
extensional 


So far, we have discussed the question of interpretations 
only for signs of negation, and disjunctiong. Now we shall 
examine other connectives in PC. In column (2), the table 
that follows lists again the connectionsg in a calculus K con- 
taining PC, as they were previously listed in the table in 
§3. Column (3) here repeats column (5) of the previous 
table, it gives expressions for the connections, in PC,, 
which are taken as definientia for the defined signs in PC? 
(D3-6) on the basis of neg, and dis. Column (4) repeats 
column (5) of the table in § 10, it gives the characteristics 
for the corresponding connections on the basis of the rules 
of NTT. Columns (5) to (10) give a survey of some of the 
results concerning non-normal interpretations, as stated in 
the subsequent theorems, especially T6 and 7. 


(1) 


No 


RwWD HE 


Non-Normal INTERPRETATIONS OF PROPOSITIONAL CONNECTIVES OF PC 


(2) (3) (4) 
Charac- 
teristic 
Name of for the 


nK Sign m K NIT 


I The four stngulary connections 


tautologyc GV~G, TT 
(identityc) ice TF 
negationg ~G, IT 


contradictiong | ~ (6, V~ G,) FF 


II The ssxteen binary connectionsc 


tautologyg | GV~G, TITT 

disjunctiong | GV GS, TITF 

(inverse imph- | 6, V ~ ©, TIFT 
cationc) 

(first compo- | © TIFF 
nent) 

mplicationg | ~G, VG, TFIT 

(second com- | ©, TFIF 
ponent) 

equivalences | ~(~O,.V~G,)} TFFT 

V~(G.V S,) 


conjunctiong | ~(~G,V~G,)| TFFF 

exclusiong ~G6,V~G, FITT 

(non-equiva- | ~(~ &, V G,) FITF 
lencec) V (SG, V oS. S,) 


(negationg of | ~ ©, FTIFT 
second) 

(first alone) | ~(~G,V S,) TIFF 

(negationc of | ~& FFTT 
first) 

(second alone) | ~(G, V ~ G) FFTF 

bi-negationg | ~(G, V G,) FFFT 


contradictionc | ~ (G; V~ G,) FFFF 


(s) | (6) } G) | (8) | @) | (0) 
Non-Normeal Interpretations 
first kind (16) second kind (T7) 


(all sentences true) 


or not] lated | or not] or not | lated 


in a 


which 
Tule 
Connectionc | Defimens forthe | Signin |normal| vio- | sional|normal] vio- 


exten- 


ooo oO 


{not all sentences 


BPiPpsB 


true) 


which 
rule 


exten- 
sional 
or not 


oe joe 
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Conjunction, and disjunction, are often regarded as play- 
ing completely symmetrical roles in PC (the so-called dual- 
ity). However, we now find (Tx) that for cong, in contra- 
distinction to dis,, only a normal interpretation is possible. 
Thus the supposed symmetry, although it is perfect within 
NTT, holds in PC only to a certain extent. The reason is 
that the rules of deduction in any of the ordinary forms of 
PC, in contradistinction to NTT, are in a certain sense in- 
complete with respect to disjunction, but not to conjunc- 
tion,. This will become clearer later. 

+T16-1a [b]. Let K contain PC, and S be an [L-]true 
interpretation for K Then each of the following connectives 
in K (see tables here and in § 3) is a sign for the correspond- 
ing connection (zy; in S and hence has an [L-]normal inter- 
pretation in S: 

1. Two singulary connectives: ch, and cbe 

2. Four bimary connectives: oc, for r = 1 (tau- 
tology,), 4 (first component), 6 (second com- 
ponent), 8 (conjunctionc). 


Proof fora [b| 1 Let G, be any closed sentence m K, and ©, be 
cb:i(G.) On the basis of the definition-rule for ch, (see D3-6), G; is 
C-equivalent in K to disc(@,,negc(G.)) (see column (3) of the table, 
line Ir), and hence C-true in K like the latter sentence (T5-1a) and 
hence [L-]true m S Therefore, R, contains rs [1s V,], and hence 
likewise —R, + R, and R, +R, Therefore, cb, has T as the [L-] 
characteristic value both for the first and the second distribution 
(Dr1-16), and hence has TT as its [L-]characteristic (D11-21) and 
is a sign for (1jConn} (D11-23) and has an [L-]normal interpretation 
(D15-1) — Let ©, be closed and ©, be cb(G.) ©, 1s C-equivalent 
in K (D3-6) and hence [L- equivalent in S toG, Hence, both —R, + 
R, and R,+ (—R,) contain rs [are V,| (T11-6(2)) Therefore, cb: 
has T as the [L-]characteristic value for = 1 and F for ¢ = 2 (D11- 
16), and hence has TF as its [L-]characteristic (D11-21) and is a sign 
for (1jConn} (D11-23) and has an [L-]normal interpretation (D15-1) 
— 2. The proof for ct; is analogous to that for cb, The proofs for ot, 
and cC, are analogous to that for che — Proof for cts (= conc). Let 
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©, and G, be closed, and G, be conc(G,,S,) GS, and {S,,S,} are 
C-equivalent in K (T5-3b) and hence [L-Jequivalent in S. There- 
fore, conc 1s a sign of conjunctiony) in S (T13-14). 


+T16-2a [b]. If K contains PC?, and negg¢ and disg in K 
have an [L-|normal interpretation in S, then every other 
connective of PC? in K also has an[L-]normal interpretation 
in S. 

Proof for cts (= umpc), the proofs for the other connectives are 
similar. Let G, and ©, be any closed sentences m K. Let ©; be 
nego(G,), GS; be disc(G:,S,), Gp be umpc(G.,G,) (For ‘I’ and ‘II’, 
see remark preceding T15-4) —I, for (a). ©, 1s true for the first, 
third, and fourth distribution, false for the second (this follows easily 
from the rules Nx and 2, Djx to 4) The same holds for Gp, since Gy 
and ©; are C-equivalent in K according to the definition of umpc 
(D3-6), and hence equivalent in S, which 1s a true interpretation for K 
(D1s-1a) Therefore, umpc has the characteristic TFTT and hence 
is a sign of implication in S and has a normal mterpretation in S 
e 5-1a) —II, for a[b] Each of the following classes contais rs 

is V.] (13-5, T13-10(r) to (4)) R. + Re (ki), —R, + (—Rx) (ke), 
—Rz + (—R,) + Ri (ks), —Re + R, + Ri (ka), Re + (—R,) + Ri 
(ks), Re + R, + (—Ri) (ke) Gp and Gj are [L-lequivalent (see I), 
hence R, + (~—Rz) (kz) and —R,+ Ry (ks) contam rs [are V,] 
(Tr1-6(2)) Therefore each of the following classes also contains rs 
lis Vo]. —R. + (—R,) + Rp (= ke + ks + kx), —R, + R, + (—R,) 
(= ke + ks + ks), R,+ (- R,) + Rp(= ki + ks + ky), R.+ R, +R, 
(=ki+ks+kz) Hence, impc has the [L-|charactenstic value T 
for ¢ = 1 (Dr1-16), F for¢# = 2, T foré = 3, Tforé#= 4 Thus it has 
the [L-]characteristic TFTT (D11-21) and hence is a sign for ,1jCorr? 
(= mmplication,:) and has an [L-|normal mnterpretation in S (D15-1) 


+T16-3. If K contains PC?, and neg, in K has a normal 
interpretation in S, then every other connective of PC) in K 
also has a normal interpretation in S. (From Tr5-9a, T2a.) 

+T16-4 (Corollary). If K contains PC?, and dis, in K has 
a normal interpretation in S, and at least one sentence of K 
is false in S, then every other connective of PC? in K also has 
a norma! interpretation in S. (From T1s-9b, T3.) 
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On the basis of the previous discussion of non-normal in- 
terpretations for neg, and dis, we can now characterize in 
general the kinds of non-normal interpretations of connec- 
tives There we found two kinds of cases where the rules of 
NTT for negation or disjunction are violated: there is either 
a violation of Nx alone (Tr5-5) or a simultaneous violation 
of N2 and Djq (T15-7 and 8). In a case of the first kind all 
sentences of K are true in S, while in a case of the second kind 
at least one is false This difference yields a convenient way 
of defining the two kinds. Theorems T6 and 7, below, state 
some properties of cases of the two kinds without asserting 
the existence of such cases These two kinds exhaust all 
possibilities for non-normal interpretations for any connec- 
tive of PC in K. In columns (5) to (10) of the table, some of 
the results stated in T6 and 7 are listed. 


+T16-6. Let K and S fulfill the following conditions 
(non-normal interpretation of the first kund): 

A. K contains PC?. 

B. S is a true interpretation for K. 

C. All sentences of K are true in S. 

Then the following holds: 

a. The following ten connectives in K do not have 
a normal interpretation in S: cb, forg = 3 and 
4; ct, for r = g to 16, 

b. The other connectives in K have a normal in- 
terpretation in S: cb, for g = 1 and 2; cc, for 
r=1to8. 

c. Every connective in K is extensional in S. 

(a. From Txr2-16a(7), Txr2-17a(7). b. From 
Tr2-16a(6), Tr2-17a(6). c. From Tr2-16a(8), 
Tr2-17a(8).) 
+T16-7. Let K and S fulfill the following conditions (non- 
normal interpretation of the second kind): 
A, B, as in T6. 
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At least one sentence of K is false in S. 
At least one of the connectives of PC in K has 
not a normal interpretation in S 


Then the following holds: 


a. 


b. 


c. 


pp 


An infinite number of sentences of K are false 
in S. 

An infinite number of sentences of K are true 
in S. 

nego in K violates N2, but generally satisfies 
N1. 

negc in K is non-extensional. 

The three other singulary connectives in K 
(cb, for g = 1, 2, 4) have a normal interpreta- 
tion in S. 

The following eleven binary connectives cc, in 
K violate a rule for Conn? in NIT and hence 
do not have a normal interpretation in S: r = 2, 
32 5) 7s 9) IO, II, 12, 13, 14, 15. Forr = 2, 3, 5, 
7, 9, 10, I1, 13, 15, at least the fourth rule is 
violated, forr = 12, the second, for r = 14, the 
third. 

The connectives of K mentioned in (f) are non- 
extensional in S. 

The five other binary connectives in K (cc, for 


r = 1, 4, 6, 8, 16) have a normal interpretation 
in S. 


Proof Let the conditions (A) to (D) be fulfilled Then the follow- 
ing holds — 1. nego generally satisfies Nx (T15-6) —2 nego n K 
does not have a normal interpretation in S (C,T3) — 3 nege violates 
Nz at least once (1, 2), say with respect to G, — 4 ©, and negc(Gi) 
are false m S ((3), Tr5-7a) Let G; be disc(G,negc(G)), and G, be 
disc(Gs,nego(Gs)) — 5 Gs 1s true (T15-7c) —6 negc(Gs) 1s false 
(T15-7e). — 7. Gq 1s C-true in K (Ts-1a) and hence true in S (B) — 
8 negc(G,) is false m S (7, 1) —g An infinite number of sentences 
in K are C-equivalent to ©, nm K (eg ©, with negc added 2” times), 
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hence equivalent to ©, in S (B), hence false in S (4) This 1s (a) — 
ro An infinite number of sentences are C-equivalent to G3 in K and 
hence true ((B), (5)) This 1s (b) — 12 (c) from (3), (r) —12 (d) 
from (3), T15-7h — 13 For any closed sentence G, in K, disc(G,, 
negc(G,)) is C-true mn K (T5-1a) and hence truein S (B) negc(disc(G,, 
negc(G,))) 1s false m S (1) cba(@,) 1s C-equivalent in K and hence 
equivalent in S to the sentence just mentioned (see column (3) of the 
table, lme I4) and hence 1s also false m S Therefore, cb, has the 
characteristic value F both for ¢ = 1 and # = 2, and hence the char- 
acteristic FF, and hence 1s a sign for Conn} in S (Dr1-23a) and has a 
norma] interpretation nn S (D15-1a) — 14 (e) from Tra(z) and (13). 
—15 Let cS, (r = 1 to 16) be cc-(Ginegce(Gi)) cG,-1s C-equivalent 
in K and hence equivalent in S to the sentence given m column (3) of 
the table, but with ©, mstead of G, and negc(G,) instead of G, (“~' 
and ‘V’ are negc and disc in K) Each of these sentences, in turn, can 
easily be transformed (chiefly by virtue of Ts-r and 3) into a certain 
other sentence which is C-equivalent to it in K and hence equivalent 
toitmS In this way we find (line IT3 of the table) that cGs 1s equiva- 
lent in S to disc(G,,negc(negc(G:))) and further to Gi, and hence is 
false in S (4), cGs 1s equivalent to negc(Gi) and hence false (4), cGy is 
equivalent to negc(G;) and hence false (6), cG1o 18 equivalent to Gs 
and hence true (5), cGu 1s equivalent to G; and hence false (4), cCGrs 
1s equivalent to negc(G,) and hence false (4), c@5 15 equivalent to 
negc(Gs) and hence false (6) ©, and negc(©)) are both false (4) and 
hence have the fourth distribution of values (D1o-2) Therefore the 
fourth characteristic value of ctz3 is F (T11-10), since c@s is false, the 
same holds for cc, with r = 5, 7, 11, 13, 15, but that for cto is T. — 
16. The fourth value in the characteristic for Conn? forr = 3, 5, 7, 11, 
13, 15 1s T, that for Conn? is F —17 Forr = 3, 5, 7, 10, 11, 13, 15; 
ctr violates the fourth rule for Conn? in S — 18 oto(Gi,S)) 1s equiv- 
alent to negc(@,) (in analogy to (13)) and hence false (4) —19 Gy 
is false (4), hence ct (18) violates the fourth rule for Conn} (in analogy 
to (15), (16), (x7)) —20 Let us analyze the sentences cc,(negc(Gs), 
negc(Gs)), which we call cS; cG3 1s C-equivalent in K (in analogy 
to (15)) and hence equivalent in S to G, and hence 1s true in S (7), 
the same holds for cG; and c@7, cGs is equivalent to G; and hence 
true (5), the same holds for cGn, cGis, and cis, cCSie is equivalent 
to negc(G.) and hence false (8).— 21. Since both components in 
cG, are false (6), they have the fourth value distribution The fourth 
value in the characteristic for Conn? for r = 3, 5, 7, 9, I1, 13, 15 is T, 
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that forr = i101isF Thus, for r = 3, 5, 7, 9, 10, II, 13, 15, ctr satis- 
fies the fourth rule for Conn? with respect to the components men- 
tioned. — 22 ctie(G2,G,) 1s equivalent to nege(disc(negc(Ss),G,)) 
and further to negc(G,) and hence is false (4). — 23. Since G3 1s 
true (5) and G; 1s false (4), they have the second distribution The 
second value in the characteristic for Conn, 1s T. Hence, ctia (22) 
violates the second rule for Conn2, — 24 ctio(Gs,negc(Gz)) is equiv- 
alent to ©; and hence 1s true (5). — 25. The components mentioned 
(24) have the second distribution The second value m the character- 
istic for Conn? is T. Hence, ctyz satisfies the second rule for Conn? 
with respect to the components mentioned — 26 ct14(Gi,E;) is equiva- 
lent to negc(Gi) and hence false (4) — 27 The third value m the 
charactenstic for Conn?, is T Hence, ctu violates the third rule for 
Conn, (26) — 28 ctis(negc(Gs),Ss) is equivalent to Gs and hence 
true (5) —29 The third value for Conn? 1s T. Hence, cty4 satis- 
fies the third rule for Conn,, in this case (28) — 30 For each of the 
connectives ct, for 7 = 3, 5, 7, 9, 10, 11, 13, 15 mn K, the fourth mule 
for the corresponding connection Conn? n NTT 1s sometumes vio- 
lated (17, 19), sometimes satisfied (21) For ctiz, the second rule 1s 
sometimes violated (23), sometimes satisfied (25) For ctu, the third 
tule is sometimes violated (27), sometimes satisfied (29).— 31 (f) 
from T15-7d (for r = 2) and (30) — 32 (g) forr = 2, from T15-7d 
and T15-8f, for the rest from (30) and T12-6 — 33 cCism K hasa 
normal interpretation in S, the proof 1s analogous to that for cb, (13) 
— 34 (h) from Tra (2) and (33). 


+T16-8. If K contains PC? and one of the connectives 
ctr for ry = 9 through 15 has a normal interpretation in S, 
then every other connective of PC? in K also has a normal 
interpretation in S. 

Proof If one of the other connectives had a non-normal interpreta- 
tion, then 1t would be a case either of the first or the second kind In 


both cases all connectives mentioned would have a non-normal in- 
terpretation (Téa, T7f) 


negc (T3) and the seven binary connectives mentioned 
in T8 are the only connectives of PC? in K having the prop- 
erty stated in T8. Every other connective has a normal in- 
terpretation in at least one of the two kinds of non-normal 
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interpretations (T6 and 7; compare columns (5) and (8) in 
the table) 


§17. Examples of Non-Normal Interpretations 


In §16 two kinds of non-normal iterpretations for the 
connectives in PC were studied without showing that these 
kinds are non-empty This 1s shown here by the construction 
of examples for true and, moreover, L-true interpretations of 
both kinds 


The two kinds of non-normal interpretations for the con- 
nectives of PC which were referred to in T16-6 and 7 exhaust 
all possibilities of non-normal interpretations, this is seen 
from the conditions (C) in the two theorems Thus there are 
at most these twokinds But so far we have not seen whether 
there really are non-normal interpretations of these kinds. 
This will now be shown by examples 

For the following examples we shall take a calculus K and 
two semantical systems S and S’ which fulfill the following 
conditions 


A. K contains n propositional constants, say ‘Ai’, ‘A»’, 
Fara «ees 

B. K contains PC, or PC?. 

C. K contains no other sentences than the molecular sen- 
tences constructed out of the propositional constants with 
the help of the connectives of PC (hence no variables, and 
only closed sentences). 

D. K contains no other rules of deduction than those of 
PC (hence no rule of refutation, all rules of inference are 
extensible). 

E. The sentences of S are those of K. Hence, S is an inter- 
pretation for K. 

F. S’ contains » + 2 atomic sentences, say ‘Aj’, ‘Ag’, 

.- SAX’, SAL (Gi), ‘Atae’ (G2) such that the following 
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holds: a. Each of the atomic sentences is L-independent of 
the rest (they may eg be full sentences of a predicate for 
n + 2 different objects) — b. Hence, all are factual. —c. 
is true, and hence F-true. —d. Sz is false, and hence F- 
false. — e. Let G3 be an L-true sentence in S’ (e.g dis(G, 
neg(@i)), compare (G)). [The truth-rules for the atomic 
sentences in S’ are supposed to be given so as to fulfill (F); 
in any other respect they may be chosen arbitrarily We do 
not give them because their details beyond (F) are irrelevant 
for the nature of the interpretations in the examples | 

G. S’ contains NTT Hence the connectives of NTT in S’ 
are signs for the connections, 

H. If S, 1s a sentence of K and hence of S, then we desig- 
nate by ‘G,’ the corresponding sentence in S’, that is to say, 
the sentence constructed out of S, by replacing each propo- 
sitional constant that occurs, say ‘A,’ (k = 1 to 2), by the 
corresponding atomic sentence in S’, ‘A,’, and replacing each 
connective that occurs by the corresponding connective in 
S'. [Hence, if S, is negc(S,), S| is negr(G;), and if ©, is 
disc(S,,S;,), S; is dis,(S},@,).] If &, 1s a sentential class in 
K and S, then we designate by ‘§;’ the class of the corre- 
sponding sentences in S’ 

In the following examples, the systems K and S’ remain 
always the same. S differs from example to example. In each 
case we shall describe the system S by stating a translation 
of the sentences of S into some sentences of S’. The transla- 
tion is meant in this way: the truth-rules in S state for the 
sentence G, the same truth-condition as the rules in S’ state 
for the sentence G,, into which ©, is translated Therefore, 
if any radical or L-concept holds for G, in S’, then the same 
concept holds for G, in S. [If we use the concept of L-equiv- 
alence also for sentences in different systems (compare 
remark at the end of [I] § 16), then G, and G, are L-equiv- 
alent.] If we were to translate every sentence ©, in S into 
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the corresponding sentence G in 5S’, then S would be an 
L-true interpretation for K, and each connective in K would 
have an L-normal interpretation in S. Therefore, in order 
to construct non-normal interpretations for the connectives 
in K, other translations have to be made. In each of the 
examples it will be shown that S is an L-true interpretation 
for K such that at least one connective in K has a non-normal 
interpretation n S. The first two examples of mterpreta- 
tions are rather trivial, but they suffice to show in a simple 
way that both kinds of non-normal interpretations pre- 
viously explained are not empty. 


First example: an L-true, non-normal wnterpretation of the 
first kind. We translate every sentence in S into G3 (F(e)). 
Then the following holds a. Every sentence in S is L-true. 
b. S is an L-true interpretation for K. c. negc in K violates 
Nx in S. d. S is a non-normal interpretation of the first 
kind. 

Proof a Every sentence in S 1s L-equivalent to an L-true sentence 


and hence L-true —b For every T, and T, in S, ZT, and &, are 
L-true (a), and hence T, > T, Thus condition (a) n [I] D34-1 is 


fulfilled Condition (b) in the same definition 1s always fulfilled be- 
cause of (D) Hence, S is an L-true interpretation for K —c For 
any ©, in K, both ©, and negc(G,) are true (a) —d From T16-6 


Second example: an L-true, non-normal interpretation of 
the second kind A sentence G,, of S 1s translated, if it is 
C-true in K, into ©; (which is L-true, see (F(e)), otherwise 
into neg(@3) (which is L-false) Then the following holds: 
a. Sis an L-true interpretation for K b. neg, in K violates 
Nz in S. c. S$ 1s a non-normal interpretation of the second 
kind. 

Proof. a Let the conditions be fulfilled, and ©, be a direct C-impli- 
cate of R,in K If &, is C-true in K, G, 1s C-true in K and is hence 
translated into an L-true sentence in S’, therefore, in this case, ©, is 
L-true in 5, and hence an L-imphicate of &,:n S If, on the other hand, 
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&, 1s not C-true in K, then it contains a sentence which 1s not C-true 
in K ([1] T29-73) and which therefore 1s L-false nS Hence, n this 
case, ft, itself 1s L-false in S, and therefore &, > ©, Thus S 1s an 


L-true interpretation for K —b Let ©, bea sentence in K such that 
neither ©, nor negc(@,) 1s C-true m K, eg one of the propositional 
constants Then both ©, and negc(©,) are L-false m § Thus negc 
violates N2 with respect to G, —c From T16-7 


Let us suppose that S’, in addition to the extensional con- 
nectives of NTT, contains non-extensional connectives, e g. 
signs for logical necessity and for logical (strict) implication 
(compare [I] §§ 16 and 17). Let us designate the full sen- 
tence of the sign of necessity with ©, as component by 
‘nec(G,)’ Then we might translate every sentence G, in 5 
into nec(G,,). This is essentially the same interpretation as 
that in the second example, because here, too, the C-true 
sentences 1n K are L-true in S, and the other sentences in K 
are L-false in S. imp,(G,,G,) 1s hereby translated into 
nec(impr(S;,S;)), which is L-equivalent to (and may be 
taken as definiens for) the sentence of logical (strict) impli- 
cation with ©; and Gas components Hence the chief sign 
of implication, m a sentence in K is here interpreted as the 
non-extensional connective of logical (strict) implication. 
This is possible because we have here no factual components. 


As we have said, the two examples given are of a trivial 
nature. Now we shall construct examples of non-ivimal non- 
normal interpretations We shall not define the concept 
‘non-trivial interpretation’. The triviality meant here con- 
sists in the fact that too many sentences of K are interpreted 
in S as saying the same, i.e. are L-equivalent in S. There- 
fore it seems natural to take the following as a sufficient 
(though not necessary) condition for S to be a non-trivial 
interpretation for K: S is an interpretation for K, and for 
any Z, and &, in K, if ©, and &, are not C-equivalent in K, 
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they are not L-equivalent in §. The following examples 
fulfill this condition. 


Third example: an L-true, non-normal interpretation of the 
first kind. We translate every sentence ©, in S into dis,(Gi, 
G,). (For ‘G;’, see (H), for ‘G,’, (F)) Then the following 
holds: a. Every sentence of S is true b. S is an L-true in- 
terpretation for K. c. nego in K violates Nrin S d. Sis 
a non-normal interpretation of the first kind. 

Proof a Gy, 1s true mS’ (F(c)) Hence, for every G,, disr(S;,Si) 
1s true nS’ (NTT) Hence, because of the translation, ©, 1s true m 
S —b_ Let ©, be a primitive sentence (1e a direct C-mmplicate of 
A, see [I] D28-10) m K Then G, 1s L-true by NIT in. S’ (T14-2a), 
and hence hkewise disi(©@;,@1) (T13-26b(1)) Therefore, because of 
the translation, ©, 1s L-truem S Let T,, not be A, and T,, 7@@, in 
K Then f 7? Gp, by NTT in S! (Tr4-2b,c) Let Tj, be that sen- 
tence or class into which £m 1s translated [If Tm 1s a class, Tp 1s the 
class constructed out of T,, by replacing every sentence ©, of T,, by 
disn(Gmn,Si) | Then Ty = dis(S,,S:) m S’ (T13-38b and 39) 
Therefore, because of the translation, T, =? @, im S Hence, Sisan 
L-true interpretation for K —candd As im the first example 


Fourth example an L-true, non-normal winter pretation of the 
second kind A sentence G, in S is translated, if it is C-true 
in K, into G, and otherwise into conz(G,,G2) Then the 
following holds a. If ©, is a primitive sentence in K, it is 
L-true in S. b. If £, is not A, and I, 7 S, in K, then 
qi, 7 GS, in Sc. S is an L-true interpretation for K. 
d. neg, in K violates N2 in S_ e. S is a non-normal inter- 
pretation of the second kind. 

Proof. a If ©, is a primitive sentence in K, it is C-true in K and 


hence translated to @;, which 1s L-true in S’ (T14-2a) Therefore 
©, 1s L-true m S —b Let &,, not be A, and J, 726, Then 


Lm =? S,_ by NIT in S’ (T14-2b,c) We may assume that neither 
©, nor any of the sentences of T,, are C-true in K, any other case can 
easily be reduced to a case of this kind Then ©, 1s translated into 
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con(G,,G2) Let Tj, be that sentence or class into which T, is trans- 
lated. [If &,, 1s a class, Tj 1s the class constructed out of Ty, by re- 
placing every sentence G,, of T,, by conr(S,,G-e) | Ty L-imphes the 
following E: ZX, ({1] Pr4-11, T13-26b(3), [I] Pr4-12), and hence 
GS, (see above, [I] Pr4-s5), further Ge (T13-26b(4)), and hence 
cony(G,,So) ( [1] P14-12, T13-27b(3)), mto which @, 1s translated 
Therefore, £, =? ©, m S —c. From (a), (b), [I] D3q-1 —d Let 
©, be a sentence in K such that neither G,, nor negc(G,,) is C-true 
mn K, eg one of the propositional constants Then G,, is translated 
into conz(G,,,G2) This sentence 1s false mn S’ (NTT), since Gp 1s 
false in S’ (F(d)) Therefore G,, 1s false in S. negco(G,) 1s translated 
imto conz(negr(G,_),S:2), which 1s likewise false nm S’ Therefore, 
negc(G,,) 1s false in S Thus nege violates N2 with respect to Gn 
—e From T16-7 


§ 18. PC is not a Full Formalization of Propositional 
Logic 


L-truth and L-implication m propositional logic, 1e mn a 
system containnmg NTT, are exhaustively represented in PC 
and thereby formalized But not all logical properties of the 
connectives in NTT are represented nm PC If we could find a 
calculus K containing the connectives in such a way that every 
connective could only be interpreted normally (1e such that 
it would have a normal interpretation in any true interpre- 
tation of K and an L-normal interpretation in any L-true 
interpretation of K), then we should say that K 1s a full formali- 
zation of propositional logic PC does not fulfill this require- 
ment The problem is whether any other calculus does 


The rules of NIT give an interpretation for the proposi- 
tional connectives (more precisely, for the singulary and 
binary extensional connectives) and thereby constitute prop- 
ositional logic The rules PC are constructed as a calculus 
for propositional logic; that is to say, they have the purpose 
of representing the logical properties of the connectives of 
propositional logic as far as these properties can be repre- 
sented by a calculus, i.e. by the use of the formal syntactical 
method. 
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Let us examine the question whether PC fulfills this pur- 
pose. It seems to be the generally accepted opinion that it 
does And, at the first glance, there seem to be good reasons 
for this opinion. In order to be more concrete, let us regard 
a calculus K and a semantical system S fulfilling the follow- 
ing conditions: 


A. K contains PC?, and no other rules of deduction. 

B. K contains only the following sentences 1. » proposi- 
tional constants, 2 the molecular sentences constructed out 
of them with the help of the connectives of PC. 

C. The sentences of S are those of K 

D. S contains NTT in such a way that the sign for a connec- 
tionc in K is simultaneously the sign for the corresponding 
connection, of NTT in S 

E. The truth-rules for the propositional constants in S 
are such that these sentences are mutually L-independent 
and hence factual (the further details of these truth-rules are 
irrelevant for the following discussion). 

If a calculus is constructed as a formalization of logic 
within a certain region, then it is often regarded as its chief 
or even as its only purpose to present some or all L-true sen- 
tences of the region in question as C-true In the case of K 
and S as specified, this task is fulfilled. Not only some but 
all L-true sentences of S are C-true in K (T14-5a), and no 
others (T14-3b). Thus C-truth in K 1s an exhaustive formali- 
zation of L-truth in S. Further, the formalization of logic, 
and analogously that of an empirical theory, in a certain 
region has a second task, which is sometimes overlooked; the 
calculus has to supply, in addition to suitable proofs, suitable 
derivations. In the case of a formalization of logic, some or 
all instances of L-implication have to be represented as in- 
stances of C-implication in the calculus. In our case, this 
second task also is fulfilled; C-implication in K has the same 
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extension as L-implication in S (T14-5c, T14-3a). In other 
words, the rules PC constitute an exhaustive formalization 
of logical deduction by NTT. Thus the rules PC, both in 
proofs and in derivations, yield all those and only those 
results for which they are made. What else could we require 
of them? 

The statements just made concerning PC and its relation 
to NTT are correct. But the conclusion which seems to be 
generally, though tacitly, drawn from them — namely, that 
PC is a complete formal representation of propositional logic, 
ie. of the logical properties of the propositional connectives 
in NTT —is wrong This is shown by the possibility of non- 
normal interpretations. Thus, for instance, it belongs to the 
logical properties of disyunction in propositional logic that 
a sentence of disjunction with two false components is false 
(rule Djq4 in NTT, §10). This property is not in any way 
represented in PC, this is shown by examples of true (and 
even L-true) interpretations of a calculus containing PC, in 
which the rule Dj4 is violated. 

A full formalization of NTT would consist in a calculus K 
of such a kind that any connective of PC in K would have a 
normal interpretation in any true interpretation for K and 
an L-normal interpretation in any L-true interpretation for 
K. The problem is whether a full formalization of NIT in 
this sense is possible. 


D. JUNCTIVES 


If a full formalization of propositional logic 1s to be effected, 
new syntactical concepts must be used (§ 19). If rules of refu- 
tation are used and thereby ‘C-false’ is defined, the non-normal 
interpretations of PC of the first kind can be eliminated (§ 20). 
A more decisive change is made by the introduction of the 
junctives, ie of sentential classes in conjunctive and in dis- 
junctive conception Radical semantical concepts (§ 21) and 
L-concepts (§ 22) are defined for junctives Further, yunctives 
are applied m syntax, C-concepts are defined for them (§ 23) 
Thew use m syntax makes possible a new kind of deductive 
rules, the disjunctive rules (§ 24) In this chapter, the general 
features of junctives and of calcul: and semantical systems 
containing junctives are studied, leaving aside propositional 
logic and PC 


§19. Syntactical Concepts of a New Kind are Re- 
quired 


A calculus of the customary kind, consisting of primitive 
sentences and rules of inference, states conditions for C-mmpli- 
cation (and C-truth) only Therefore, it can formalize only 
those L-concepts which are definable on the basis of L-impli- 
cation ‘L-tmue’ belongs to these concepts, but ‘L-exclusive’ 
and ‘L-disjunct’ do not Hence they cannot be formalized 
without the help of syntactical concepts of a new kind The 
two concepts mentioned occur in the principles of contradiction 
and of the excluded middle Therefore, these principles cannot 
be represented in PC In a non-normal interpretation of the 
first kind, the first principle 1s violated, in one of the second 
kind, the second principle. 


We found that PC does not completely fulfill its purpose; 
it is not a full formalization of propositional logic. This de- 


fect is by no means a particular feature of PC, however, but 
is based on general features of the customary method of 
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constructing calculi. This method consists in laying down 
rules for C-implication. Hence, on the basis of this method, 
a calculus can exhibit only those syntactical properties and 
Telations of sentences which are definable by C-implication, 
above all C-truth. Therefore, a calculus of this customary 
kind, if constructed for the purpose of formalizing the logic 
of a certain region, can formalize only those logical proper- 
ties and relations of sentences which are definable by L-im- 
plication, among them L-truth. We shall now examine some 
elementary logical relations with respect to the question 
whether they are definable by L-implication or not. 


(a) (b) 
ConpiTIoNAL It 1s not the 
RELATION case that 


If G,1s |thenG,1s] G,1s JandG,1s| Radical Concepts | L-Concepts | C-Concepts 
zr true| true false | ©, implies ©, L-mphes | C-imples 
2 true] false | true | true | G,is exclusive of ©, | L-exclusive | C-exclusive 
3 false] true false | ©, 1s disyunct with] L-disyunct | C-disyunct 


(c) 


(d) (e) 


SYNTACTICAL 
SEMANTICAL CONCEPTS Concepts 


2 
4 false] false true | ©, 1s an implicate | L-implicate | C-implicate 


of ©, 


There are four elementary relations between two sentences 
which can be formulated by conditional statements with 
respect to their truth-values (see table, column (a)), or, more 
exactly, by statements excluding one of the four possible 
distributions of truth-values (column (b)) To the radical 
concepts (column (c), compare [I] Do-3, 6, and 5) there are 
corresponding L-concepts (column (d), compare [I] § 14, 
for ‘L-disjunct’, compare remarks in [I] § 14 and [I] D2o-17). 
There could be corresponding syntactical C-concepts (col- 
umn (e)). However, with respect to a calculus of the cus- 
tomary kind, we have only ‘C-implies’ and its inverse 
‘C-implicate’, while ‘C-exclusive’ and ‘C-disjunct’ are not 
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definable by C-implication. Therefore the concepts ‘L-ex- 
clusive’ and ‘L-disyunct’ cannot be formalized in a calculus 
of the customary kind. We shall see that the circumstance 
that these two concepts are not represented is responsible for 
the possibility of non-normal interpretations of the first and 
second kind for the propositional connectives. 

If we find that a certain calculus which has been con- 
structed with regard to certain interpretations admits also 
of undesired interpretations, then we have to make the calcu- 
lus stronger In a situation of this kind, one usually thinks 
first of adding new primitive sentences or new rules of in- 
ference But the defect here discussed cannot be removed in 
this way. It is well known that the rules of PC are already 
complete with respect to primitive sentences and rules of 
inference. Therefore, a full formalization of NTT, if it is 
at all possible, requires syntactical concepts of a new kind. 


If a form K of PC 1s constructed with propositional variables as 
the only atomic sentences, then K 1s complete in the following sense 
with respect to direct C-implication, or, in other words, with respect 
to primitive sentences and rules of inference If we construct a new 
calculus K’ out of K by declaring any sentence ©, of K as an add- 
tional primitive sentence, then ©, 1s either already C-true in K or not. 
In the first case the addition 1s superfluous, because K’ 1s comcident 
with K ([I], D31-9) In the second case K’ becomes rather trivial 
because every sentence 1s C-true in K’, even those which are L-false 
in the normal interpretation [In the customary terminology, K’ is 
called contradictory or inconsistent in this case, but it 1s not C-incon- 
sistent mm our sense and still has true interpretations, see [I] D31-2 
and remarks on [I] T31-31 ] The same holds for the addition of a 
rule of inference 

If we take K and S as discussed in § 18 (fulfilling the conditions A 
to E), then any addition of a primitive sentence or a rule of inference 
would have the effect that there would be at least one ©, such that it 
was F-true in S and C-true in K, or T, and &, such that X, -> &, in 
Sand &, — f, in K, in contradiction to the intention of formalzing 


Propositional logic. 
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In propositional logic, the sign of negation, fulfills the fol- 
lowing two principles (taken here in their semantical, as dis- 
tinguished from their absolute, form) (T13-5b(2)). 

A. Principle of (Excluded) Contradiction. For any closed 
sentence G,, ©, and negr(G,) are L-exclusive. That is to 
say, the two sentences cannot both be true. (This is due to 
the rule Nz for neg,; see T13-3b(3).) 

B. Principle of Excluded Middle. For any closed sentence 
G,, SG, and negr,(6,) are L-disjunct. That is to say, the two 
sentences cannot both be false. (This is due to the rule N2 
for neg,, see Tx3-4b(3).) 

Do these two principles also hold for PC? In other words, 
are the two properties of neg; which the principles state rep- 
resented in PC? It seems to be the general belief that they 
are, because neg-(conc(©,,neg-(G.))) and dis,(G,,neg-(G.)) 
are C-true by PC But the circumstance mentioned above, 
that ‘C-exclusive’ and ‘C-disjunct’ are not definable by 
‘C-implicate’ and hence not definable with respect to PC, 
may evoke some doubt. And, in fact, the two principles do 
not hold for PC. Neither their validity nor their invalidity 
is assured by the rules of PC, because in some L-true inter- 
pretations, namely those with an L-normal interpretation of 
the connectives, the two principles hold, while in others they 
do not. In a non-normal interpretation of the first kind 
(T16-6), S, and negc¢(G,) are always both true; hence A is 
always violated, while B is always fulfilled. In a non-normal 
interpretation of the second kind (T16-7), ©, and neg,(G.) 
are sometimes — not always — both false, and always at 
least one of the two is false, hence B is sometimes violated, 
while A is always fulfilled. The C-truth of neg,(con,(6,,nege 
(G,))) does not represent A; it would do so only if the L- 
normal interpretations of the connectives were assured by 
PC, which they are not; the same holds for dis,(G,,neg,(G.)) 
and B. 


§ 20. C-FALSITY IOI 


§20. C-Falsity 


One new syntactical concept which might be added to those 
used in customary calculi is ‘C-false’ It 1s defined on the 
basis of ‘directly C-false’, which is defined by miles of refuta- 
tion By adding a rule of this kind to PC, the non-normal 
interpretations of the first kind can be excluded 


Let us first discuss calculi in general and later apply the 
result to PC. The rules of a calculus of the customary kind 
determine only C-implication and thereby C-truth, but not 
C-falsity, which is not definable by C-implication. There- 
fore, if we look for new syntactical concepts, to be added to 
the customary ones, 1t seems natural to take C-falsity. We 
have seen previously that rules of a new kind are necessary 
for the introduction of this concept; we have called them 
rules of refutation ([I]) § 26) The rules of refutation of a 
calculus K define ‘directly C-false in K’. On the basis of 
this concept, we lay down the following definition ((I] 
D28-3): 

+D20-1. &,1s C-false in K =p; there is a directly C-false 
&, which is derivable from f,,. 


The rules of deduction of the customary kind are not sufficient for 
formalizing falsity Suppose we wish to make sure that the sentence 
©, in K 1s false in every true interpretation for K On the customary 
basis, we cannot reach this aim even if K contams PC We might 
perhaps try to do it by taking negc(S,) as an additional primitive 
sentence This would indeed assure that nego(G:) was true in every 
true interpretation for K But this does not help, because, as we have 
seen, the rules of PC do not exclude true mterpretations in which 
negc(©,) and ©, are both true 


By adding a suitable rule of refutation to PC we can ex- 
clude the possibility of non-normal interpretations of the 
first kind and hence assure the validity of the principle of 
contradiction. Let us consider a system S and a calculus K 
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as explained in § 18 (fulfilling the conditions A to E). Ac- 
cording to our intention to formalize the logic in S, we wish 
to construct a calculus K’ out of K by adding a rule of 
refutation in such a way that all those = which are L-false 
in S, and no others, are C-false in K’ The & which are 
L-false in S are those which are L-comprehensive in S ([J] 
T14-107b), and hence those which are C-comprehensive in 
K ({I] D30-6) because L-imphcation in S coincides with 
C-implication in K But it would be unnecessary to declare 
all C-comprehensive & as directly C-false. It would suffice 
to take any one C-comprehensive sentence, say con;(&, 
neg:(G)), and lay down a rule in K’ stating that this sen- 
tence is directly C-false, then all C-comprehensive & would 
be C-false in K’. But even this rule would be stronger than 
necessary All we have to assure is that at least one sentence 
of K’ becomes false This cannot be done by a rule saying 
“at least one sentence of K’ 1s directly C-false”, because we 
must have a rule of refutation defining ‘directly C-false’ be- 
fore we can make an existential statement concerning this 
concept. The simplest way is to lay down the following 
tule, Rr 

+R20-1. V (and only V) is directly C-false in K’. 

Then in every true interpretation for K’, V is false, and 
hence at least one sentence is false ([I] To-1). Thus, rule R1 
excludes non-normal interpretations of the first kind for K’. 

A rule of refutation like R1 is useful in connection with 
many calculi. Tx shows that under certain conditions, 
which are also fulfilled by K and S as just discussed, the ad- 
dition of Rr has the effect that L-falsity in S is exhaustively 
formalized in K. 

+T20-1. Let the calculus K and the semantical system S 
contain the same sentences, and C-implication in K coincide 
with L-implication in S. Let K contain no rule of refutation, 
and K’ be constructed out of K by adding the rule of refuta- 
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tion Rx. Let S contain at least one L-false E,. Then C-fal- 
sity in K and L-falsity in S coincide 

Proof Let the conditions be fulfilled Then &, 1s C-false in K’ if 
and only if V 1s derivable from &, in K’ (D1) and hence mm K, hence if 
and only if T, @ Vin K ([1] T29-54a), hence if and only if T, 7 Vin 
S, hence af and only sf ©, 1s L-comprehensive in S ({I] D14-s), hence 
if and only if &, 1s L-false in § ([I] T14-107b) 

On the basis of ‘C-false in K’’ other concepts can be de- 
fined, among them ‘C-exclusive in K’’ ([I] D3o0-3). It can 
then be shown that, on the basis of rule R1, for any G,, ©, 
and neg,(@,) are C-exclusive in K’ Thus the principle of 
contradiction holds for K’. 


Later we shall introduce other syntactical concepts. With 
their help, ‘C-false’ will be definable on the basis of ‘C-im- 
plicate’ (D23-6) Therefore, the concept ‘directly C-false’ 
will no longer be necessary. Rules of refutation, as e.g. 
rule Ri above, will then be replaced by rules concerning 
‘direct C-implicate’ (e.g. R24-1) and thereby become anal- 
ogous to the other rules of deduction. 
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§21. Junctives in Semantics 


A sentential class 1s usually construed in the conjunctive 
way, i.e. as joint assertion of its sentences Accordingly, &, is 
regarded as true if and only if every sentence of §, 1s true 
However, a disjunctive conception 1s hkewise possible Accord- 
ing to it, §, is called true if and only if at least one sentence of 
, is true. The customary one-sided use of the conjunctive 
conception only is responsible for a Jack of symmetry in the 
ordinary structure of syntactical and of semantical concepts 
We begin here using both conceptions If §, 1s meant in the 
conjunctive way, it is called a conjunctive and designated by 
‘@?’, of meant in the disjunctive way, it 1s called a disyunctive 
and designated by ‘Y’ Conjunctives, disyunctives, and sen- 
tences are together called yunctives Definitions and theorems 
concerning radical concepts (‘true’, etc ) with respect to junc- 
tives are stated 


In accordance with the customary use, we have construed 
sentential classes in such a way that asserting &, means the 
same as asserting all sentences of &,. Therefore we have 
called &, true if and only if all sentences of &, are true 
([I] Dg-1). Consequently, on the basis of NTT, a finite sen- 
tential class in L-equivalent with the conjunction, of its 
sentences (eg {G,, Ge} 1s L-equivalent with conz(S,S2), 
T13-14b). And to say that ©, logically follows from 8, (in 
our terminology, that %, = G2) means that, if every sen- 
tence of §; is true, G, is necessarily also true. 

It would obviously also be possible, although not usual, 
to construe sentential classes in such a way that to assert 
§, would mean the same as to assert that at least one of the 
sentences of &, holds. If we adopted this way of using sen- 
tential classes, we should call §, true if and only if at least 
one sentence of @, was true. And a finite class would, in this 
case, be L-equivalent with the disjunction, of its sentences. 

The conjunctive conception of sentential classes seems 
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very convenient. We shall not replace it by the disjunctive 
conception but rather use both, distinguishing them with the 
help of two special signs. As previously, we shall use ‘’ 
with a subscript, eg. ‘&,’, as the designation of a class of 
sentences. §, is a sentential class, it 1s determined, as every 
class is, with respect to the question of what elements (here 
sentences) belong to 1t, however, we shall regard it now as 
neutral with respect to the question how its assertion is to be 
construed. By ‘8%’ (read ‘‘S-con”) we designate the class 
®, as construed in the conjunctive way; by ‘8%’ (read 
“@~dis’”) we designate the class &, as construed in the dis- 
junctive way. 8; is called a conjunctive sentential class or, 
briefly, a conjunctive, & a disyunctive class or, briefly, a 
disjunctive. Conjunctives, disjunctives, and sentences 
(these we include for the sake of convenience in the formula- 
tion of definitions and theorems) are together called junc- 
tives. We have previously used ‘’ both for the neutral 
classes (e.g. ‘ft: is a sub-class of &2””) and for the conjunc- 
tives (without this name) (e g. “2 => &,”), we shall use it 
im the remainder of this book for the neutral classes only. 
We have previously used ‘&’ for sentences and sentential 
classes, we shall use it now for junctives in general. (Hence, 
“if T, is false .. .” isto mean “if G, or K; or #15 false .. .””.) 

It turns out that the customary tacit restriction of sen- 
tential classes to the conjunctive use is in fact the source of 
the lack of symmetry in the foundations of syntax and se- 
mantics, which we have often found in our previous discus- 
sions (eg. in [I] pp. 38f, 72, 77, and 172, see, above, the 
remark concerning disjunction, and conjunction, at the be- 
ginning of § 16). By the use of both kinds of junctives, the 
foundations of semantics and likewise those of syntax will 
gain a perfect symmetry with respect to (L-, C-) truth and 
falsity, disjunction and conjunction, existential and uni- 
versal sentences, etc. 
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The explanations above lead to the subsequent definitions 
for concepts applied to junctives first their elements (Dx 
and 2, not often used), then truth (D3 and 4). For our pur- 
poses, it 1s not necessary to introduce the junctives them- 
selves by explicit definitions. We simply assume that to 
every sentential class &, two entities are correlated, which 
we designate by ‘@?’ and ‘#{’. And we shall define semanti- 
cal concepts and later syntactical concepts applied to these 
entities by referring to the sentential class &, 


An explicit definition of the junctives can easily be given if we con- 
strue them as ordered pairs S§t{ might be regarded as the pair whose 
first member !s &, and whose second member 1s the connection of con- 
junction (hence as &,,e), analogously &Y with disjunction This pro- 
cedure, however, presupposes that conjunction and disjunction are 
regarded as entities, say as relations between propositions, in other 
words, it presupposes the occurrence of (bimary) connection variables 
in the metalanguage But this difficulty can easily be avoided by tak- 
ing any other two entities as second members of the pairs, eg the 
numbers o and 1, or the sentential classes Vand A In the latter case, 
RK? = KR.,V , and RY = &.,A Here, the pairs are homogeneous 


D21-1. x eR) =prx eR. 
D21-2. x «eR =pr x € &:. 

+D21-3. &; is irue (an S) =ps every sentence of &, is 
true. 

4+D21-4. &’ is true (in S) =p; at least one sentence of #, 
is true. 

D1 and 2 state that the elements of a conjunctive or dis- 
junctive are the elements of the corresponding (neutral) 
sentential class; hence they are sentences. D3 and 4 take 
the place of [I] Dg-1. The other definitions in [I] §9 (for 
‘false’, ‘implicate’, ‘equivalent’, etc.) are maintained in their 
previous form. Thus all radical semantical concepts can 
now be applied to junctives. 


Junctives of higher levels could also be used, 1 e. yunctives contain- 
ing other junctives as elements. We may even admit mhomogeneous 
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junctives, whose elements belong to different levels Recursive defini- 
tion for the level of a yunctive 
D21-Al1. 


a. The junctive &, belongs to the first level =p, every ele- 
ment of T, 1s a sentence 

b. The junctive £, belongs to the level # + 1 =p; at least 
one element of &, belongs to the level 2 and none to a 
higher level 


The following definitions for ‘true’ (DA3 and 4) are analogous to 
D3 and 4 Thus the other radical concepts can also be applied anal- 
ogously 

D21-A3. Ti is true =p¢ every element of T, 1s true 
D21-A4. TY 1s true =py at least one element of &, 1s true 


In the following discussions we shall restrict ourselves to junctives 
of the first level 


The following theorems are based on the definitions Dx 
to 4. Those concerning conjunctives correspond exactly to 
certain theorems in the previous system ([I] § 9). Analogous 
theorems concerning disjunctives are added here, their 
proofs need not be given here, because they are analogous to 
the proofs for conjunctives, referring to the corresponding 
definitions and theorems for disjunctives. 

+T21-1. &; is false if and only if at least one sentence of 
R, is false. ({I] To-1.) 

+T21-2. §) is false if and only if every sentence of &, is 
false. 

T21-5. Z, — R; if and only if T, implies every sentence 
of ®,. ({I] T9-17.) 

T21-6. &; — &, if and only if every sentence of &, im- 
plies &,. 

The following theorems concern the null conjunctive A*, 
the null disjunctive A’, the universal conjunctive V°, and 
the universal disjunctive V", with respect to a semantical 
system S. 
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T21-11. A° is true ([I] To-32.) 

T21-12. AY is false. (From T2.) 

T21-15. &, is true if and only if A* — &,. ([I] To-35.) 
121-16. &, is false if and only if T, — A”. 

T21-19. 


a. V° is true (in S) if and only if every sentence in 
Sis true. ({I] To-42a ) 

b. V° is false if and only if at least one sentence 
in S is false. ({I] To-43a.) 


121-20. 


a. V” is true if and only if at least one sentence in 
Sis true. (From D4.) 

b. V" is false if and only if every sentence in S is 
false. (From Tz.) 


T21-23. A* — V" if and only if at least one sentence 


in S is true. (From Tr5, T20a.) 
+T21-24. V° — A” if and only if at least one sentence 
in S is false. (From T16, Trob.) 


§22. Application of L-Concepts to Junctives 


The two ways explained in [I] for introducing L-concepts 
are here adapted to junctives 1 Ej:ghteen postulates (Pr to 
15) are stated (corresponding to [I] Px4-1 to 15), containing 
some of the L-concepts as primitives A few theorems are 
based upon these postulates, among them A® is L-true (T22), 
AY is L-false (T23) 2 The concept of L-range 1s applied to 
junctives (Dz and 2) On its basis, radical and L-concepts for 
junctives can be defined as previously (D11-5 to 8, and 12, 
[I] § 20) In this system, the postulates of the first system are 
provable 


In [I], the L-concepts were introduced in two different 


ways. 


Both of them can easily be adapted to junctives 


The first way ([I] § 14) consisted in laying down fifteen 
postulates. Three of them ({I] P14-11 to 13) concern the 
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relation between sentences and sentential classes, they must 
now be split up for conjunctives and disjunctives. The 
other postulates remain unchanged. Thus we come to the 
following system. 
P22-1 to 10 (= [I] P14-1 to 10) 
+P22-11. 
a. If G, e&,, then R! > S, 
b. If GS, e &,, then S, > 8}. 


+P22-12. 
a. If =, L-implies every sentence of &,, then 
tia? 8. 
b. If every sentence of &, L-implies &,, then 
R= T;. 
P22-13. 


a. If every sentence of §, is L-true, &; is L-true. 
b. If every sentence of §, is L-false, Y is L-false. 
P22-14 and 15 (= [I] P14-14 and 15). 


We give a few theorems based on these postulates. Those 
concerning conjunctives correspond exactly to theorems in 
the previous system. We add here theorems concerning dis- 
junctives. They and their proofs are analogous to those con- 
cerning conjunctives. 

T22-1. 6, and {G,}* are L-equivalent. ([I] T14-9.) 
T22-2. 6, and {,}” are L-equivalent. 

+T22-3. S,, {G,}*, and {G,}” are L-equivalent to one 

another. (From T1and2) . 

122-6. If &, C &,, then &) > &;. ((T] T14-10.) 

T22-7. If , C &,, then KR! > &. 

722-8. If a sentence of &, is L-false, &: is L-false. 
({1] Tx4-11.) 

122-9. If a sentence of &, is L-true, §Y is L-true. (From 
Pixb, P6.) 
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T22-10. §; is L-true if and only if every sentence of #, 
is L-true. ({I] Tr14-20.) 
122-11. SY is L-false if and only if every sentence of §, 
is L-false. (From P13b, P7, Prrb.) 
+T22-14. &, > &; if and only if £, L-implies every sen- 
tence of #,. ([I] Tx4-22.) 
+T22-15. 8! > ©, ifand only if every sentence of &, L-im- 
plies £,. (From Pr2b, Prxb, Ps ) 
122-16. 
a. & > 8}. (From Pita, P1z2a.) 
b. &! > 87. (From Prib, P12b ) 
122-17. L-implication is reflexive, ie., for every &,, 
£,~ @.. (From P8, Tx6a,b.) 
722-18. If S, ~ ©, (in S), then {S,, S.}* ~ {S,, Se}. 


Proof {G,,@,}* L-imphes G, (P11a) and hence G, (Ps), and like- 
wise G,, and hence {G,, G,}* (P12a) 


722-19. If S, —> G, (in S), then {S,, S.}" ~ {S,, S.}”. 


Proof {G,,@,}" 1s an L-implicate of ©, (P1r1b) and likewise of 
©,, and hence of G, (Ps), and hence of {G,, G,}“ (Pr2b) 


T22-20. Every £, > A*. ((I] T14-32.) 
T22-21. AY > every &,. (From Pr2b ) 

+T22-22. A° is L-true. ({T] T14-33 ) 

+T22-23. A” is L-false. (From P13b ) 

+1T22-24, Z, is L-true if and only if A*> &,. ({I] Tr4- 
51a.) 

+T22-25. &, is L-false if and only if &, > A’. (From 
T23, P7; P15.) 

We found previously that, within the customary frame- 
work of concepts concerning sentences and sentential classes, 
‘L-true’ can be defined on the basis of ‘L-implication’ 
({1] D14-A) but ‘L-false’ cannot. T24 and 25 show that this 
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asymmetry disappears if junctives are used. The same 
holds for the corresponding C-terms in syntax (see, below, 
D23-5 and 6). 


T22-30. V° >> every S, and every &;. ({I] T14-42.) 

T22-31. Every ©, and every &} > V’. (From Prib, 
Ty. 
Tei V° > every non-empty 8. (From P11a, 
Prib, Ps ) 

T22-33. Every non-empty 8; => V’. (From Prza, 
Prtb, Ps.) 


The second way of the introduction of the L-concepts ex- 
plained in [I] made use of the concept of L-range ((I] § 20; 
compare above §11) This system can easily be modified so 
as to apply to junctives Since we have previously based our 
system of propositional logic on the concept of L-range 
(§ 11), we shall use in our subsequent discussions of propo- 
sitional logic containing junctives (§ 25) the system now to 
be explained As its basis, we simply take the definition for 
the L-range of sentential classes (T11-1, [I] Dzo-1b) here 
applied to conjunctives (D1) and add an analogous definition 
for disjunctives (D2) 

+D22-1. Lr&? (in S) =p; the product of the L-ranges of 
the sentences of &, 

+D22-2. Lrsy (in S) =p: the sum of the L-ranges of the 
sentences of &, 

The previous definitions for the L-concepts based on the 
concept of L-range remain unchanged ([I] § 20, some of them 
stated above as Dr1-5 to 9). Further, our present system 
is to contain the definition of ‘true’ (D11-12), based on 
‘L-range’ in connection with ‘rs’, and the definitions of the 
other radical concepts based on ‘true’ ([I] D20-14 to 18). 
The resulting concept of truth for junctives is in accordance 
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with D21-3 and 4 (T4o and 41 below), therefore, the theo- 
Tems in § 21 are valid in the present system. 

T22-40. &; is true if and only xf every sentence of &, is 
true. (From D1, Dr1-12.) 

T22-41. is true if and only if at least one sentence of 
&, is true. (From D2, Dr1-12.) 

In [I] § 20 we have seen that the system based on the 
concept of L-range contains among its theorems all the 
postulates of the earlier system concerning L-concepts ((J] 
Pr4-1 to 15) Therefore, our present system contains as 
theorems those of the postulates stated above which corre- 
spond to [I] P14-1 to 15; these are P22-1 to 10, 11a, 12a, 13a, 
14 and 15. But the same can easily be shown for the rest 
also, that is, Prtb (D2, D11-7), Pr2b (D2, D11-7), and P13b 
(D2, D11-6). Thus the present system contains all postu- 
lates P22-1 to 15, and all theorems based upon them (T1, 
etc., above). 


122-46. (Lemma for T23-11b.) If S§ contains ©, and 
€,, and &, is not an L-implicate of T, in S, then there is a 
class Dt, of junctives in S which fulfills the followmg con- 
ditions: 
a. x, € My. 
b. If ©, ¢ Mz, and T, ~ T, in S, then T, ¢ My. 
Cc. Kp, € Dt, if and only if every sentence of @n Dts. 
d. &x ¢ Dt if and only if at least one sentence of 
Rn € My. 
e. Not x, € Mr. 

Proof Let X, not L-mply T, Then not R,C R, (D11-7) Hence 
there is an s, such that the following holds: 1 s, ¢R,; 2 s, note R, 
Let Dt; be the class of all yunctives T, in S such that s,¢R, Then 
Mt, fulfills the conditions (a) to (e) (a) follows from (1). If s,¢Rm 


and R,,C R,, then s, ¢R,, hence (b) (c) follows from Dr, (d) from 
Dz, (e) from (2). 
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§23. Junctives in Syntax 


Ifa conjunctive (or a sententual class) occurs as a C-implicans, 
we cannot eliminate it by referrmg to sentences only, likewise 
with a disjunctive as C-implicate A rule of deduction stating 
a disjunctive as direct C-mplicate 1s called a disjunctive rule 
Definitions for ‘C-mmplicate’, ‘C-true’, ‘C-false’, ‘C-equiva- 
lent’ for yunctives are given (D4 to 7) These defimtions have 
a form quite different from that of the former definitions for 
C-concepts ({I] §28) But they fulfill the requirement of 
adequacy, that 1s to say, T, is C-true in K if and only if T, 1s 
true in every true interpretation for K, and analogously for the 
other C-concepts (T15 to 18) And the new C-concepts are m 
accordance with the old ones as far as the latter go (T41) 


So far we have explained the use of junctives only in se- 
mantics. But they may also be used in syntax Here their 
use leads to a new kind of rules of deduction. We shall see 
later that, by adding rules of this new kind to PC, it will be 
possible to exclude all non-normal interpretations and thus 
to reach our aim, a full formalization of propositional logic. 
In this and the next sections, however, we are not concerned 
with PC but with the use of junctives in calculi in general. 

Against the use of junctives in the construction of a calcu- 
lus, the objection might perhaps be raised that it involves a 
fundamental change 1n the method of dealing with calculi. 
Whereas in the usual method we seem to have to do merely 
with sentences and therefore can carry out all operations, 
namely proofs and derivations, entirely within the object 
language, after the introduction of junctives we shall have 
to operate in the metalanguage In fact, however, there is 
no fundamental change of this kind. A closer examination 
shows that, in dealing with any calculus, even one of the 
usual kind, we must always make use of the metalanguage 


The metalanguage 1s’first necessary for stating primitive sentences 
Sumply writing them down would not do, because in this way they 
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would be merely asserted but not specified as primitive As to the 
rules of inference, it is even more obvious that the metalanguage 1s 
necessary for their formulation Furthermore, if a derivation 1s to be 
given, it is necessary to indicate which of the sentences in the series are 
meant as premisses Instead of saying explicitly: ‘The first ten sen- 
tences of this series are taken as premisses”’, we may, of course, use 
any other way of indicating the same on the basis of a suitable con- 
vention, eg by drawing a line under the tenth sentence But then 
this line 1s a sign in the metalanguage, as are the assertion-sign and 
the signs ‘Pp’, ‘Dem ’ in [Princ. Math ], the lines ‘ 1f---- 
etc, m Frege’s proofs, the signs’ ” and ‘qed’ sometimes used m 
mathematical proofs, and the like And, further, it 1s necessary to 
speak about sententual classes, not only about sentences This fact 1s 
often concealed by the customary way of formulation, which says 
“derivable from such and such premusses” instead of ‘derivable from 
the class of such and such premisses”” The sentential classes in the 
usual method of calculi are what we now call conjunctives The only 
new feature m the new method 1s the use of disyunctives in addition 
to conjunctives Thus there is no fundamental change in method 


The radical semantical concepts are based on the concept 
of truth ([I] §9) Thus, for the application of these concepts 
to junctives, it suffices to define ‘true’ for junctives (D21-3 
and 4). For the application of the syntactical concepts, an 
analogous procedure is not possible. First, not even analo- 
gous theorems hold. In contradistinction to D21-4, ®; may 
be C-true, for instance by being declared directly C-true, 
without any sentence of &, being C-true. Further, ‘C-true’ 
is not a sufficient basis for the definition of the other C-terms 
We have seen that in the previous system of syntax ([I], 
§§28 to 32) many C-terms can be defined on the basis of 
‘C-implicate’ but some cannot (e.g. ‘C-false’, ‘C-disjunct’, 
‘C-exclusive’, [I] §§ 28 and 30). Now we shall see that, if 
junctives are used, ‘C-implicate’ is a sufficient basis for the 
other terms. Therefore, we have to introduce the junctives 
in syntax in connection with the concept of C-implication. 

In the usual method of calculi, a sentential class, corre- 
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sponding to what we now call a conjunctive, is most often 
used as a C-implicans, ie asa class of premisses from which 
something is derived In a case of this kind the reference to 
a sentential class is necessary, it cannot be replaced by a 
reference to sentences Sometimes a sentential class occurs 
also as a C-implicate (‘consequence-class’, [Syntax] § 48). 
But in a case of this kind a reference to sentences would 
suffice [Instead of saying: “2 (or, in the present terminol- 
ogy, &;) is a C-implicate of E,”, we may say ‘Every sen- 
tence of #2 is a C-implicate of &,”, in analogy to T21-5.] 
Now we use disyunctives in addition to conjunctives. For 
them, the converse holds, reference to a disjunctive as 
C-implicans can be replaced by a reference to sentences, but 
reference to a disjunctive as C-implicate cannot. [Instead 
of saying: “‘Z_ is a C-implicate of R)”, we may say. “ Tp is 
a C-implicate of every sentence of &,”, in analogy to T21-6.| 
A rule of deduction of the form “‘ 87 is a direct C-implicate 
of £,” cannot be expressed with the help of the usual syn- 
tactical concepts We call a rule of deduction of this new 
kind, stating a disjunctive as a direct C-implicate of some- 
thing, a disjunctive rule (of deduction) 

If junctives are used, all rules of deduction of a calculus 
K can be stated in the same form, namely as parts of the 
definition for ‘direct C-implicate in K’. We shall see that 
rules formulated in this way fulfill their purpose, that is, 
they have the effect that a certain intended result holds 
for every true interpretation of K. In order to show this, we 
must first define ‘true interpretation’ for systems containing 
junctives (Dra). The definition is similar to, but simpler 
than, [I] D33-2 The definition for ‘L-true interpretation’ 
(Dxb) is analogous. 

+D23-1a[b]. S is an [L-]true interpretation for 
K =p, S is an interpretation for K ((I] D33-1), and for 
every &, and ,, if £, @ T,in K, U,  T,in S. 
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The C-concepts for junctives, in order to fulfill the require- 
ment of adequacy ([I] § 28), must be defined on the basis of 
‘direct C-implication’ in such a way that they apply in all 
those cases and only those in which the corresponding radical 
concepts apply in every true interpretation. [For mstance, 
the definition of ‘C-true’ must be such that the following 
holds: &, is C-true in K if and only if 5, 1s true in every true 
interpretation for K]| This condition of adequacy, how- 
ever, uses semantical concepts and hence cannot itself be 
taken as a definition for the C-concepts. The task is to de- 
fine these concepts in a purely syntactical way but such that 
the semantical condition just stated is fulfilled. 


723-1. Let S be a true interpretation for K. Let 0, 
be the class of those junctives in K which are true in S. 
Then 9, fulfills the following conditions 
b. If £, 32 T,inK, then, of T, « My, T, e My. (From 
Dxb, [I] To-10) 
c. &, ¢ Dt, if and only if every sentence of &,, ¢ Mts. 
(From D21-3). 
d. &, « Dt, if and only if at least one sentence of 
Rm € Nt. (From D2z1-s). 


Our aim is to define C-implication so as to fulfill the con- 
dition of adequacy ZT, ~ &, in K if and only if, in every 
true interpretation for K, &, — &,, and hence, if &, is true, 
Z, is true. Therefore we require in the following definition 
(D4) that for every Mt; fulfilling the conditions (b), (c), and 
(d) in Tx, if T, ¢ My, T, «My. It will be seen later that 
these conditions are in fact sufficient to make the definition 
adequate (Trs5a). 

+D23-4. &, is a C-implicate of &, (£, — &,) (in K) 
=p T, belongs to every class 9t, of junctives which fulfills 
the following conditions: 

a. 3, ¢ My. 
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b. If ©, « M, and Ty 72 Ta, then T, « Me. 
c. &,, « Dt, if and only if every sentence of &,, ¢ Dt. 
d. 8%, « M, if and only if at least one sentence of 
Rm € Mz. 
123-3. If ©, 32@ f, in K, then £, > &, in K. (From 
Daa, b.) 

+7T23-4. C-implication is transitive, i.e. if T, ~@ T, and 
T, — T, then T, > T. 

Proof. Let &,—@ T, and JT, T, Let (a,) be LT, eM, (a,): 
T, eMs, (ar) Te eM, (b), (c), (d) asin D4 From the assumptions 
stated, we obtain by D4 the followmg If M2, fulfills (a,), (b), (c), and 
(d), then also (a,), xf (a,), (b), (c), and (d), then also (a;). Hence, if 
Mt, fulfills (a,), (b), (c), and (d), then also (a). Thus ©, — T, (D4). 


+T23-5. C-implication is reflexive, Le. T,-3 T,. (From 
D4.) 

Adequacy requires correspondence between C-concepts 
and radical semantical concepts. Therefore, the following 
definitions (D5, 6, and 7) are framed in analogy to T21-15 
and 16, and [I] To-20b. We shall see later that the concepts 
thus defined are indeed adequate (T16, 17, and 18). 

+D23-5. TZ, is C-true (in K) =p, A’ > &.. 

+D23-6. &, is C-false (in K) =p; T. A”. 

+D23-7. &, is C-equivalent to T, (in K) =pr U, @ 
and Z, > &,.. 

Thus here, not only ‘C-true’ but also ‘C-false’ is definable 
on the basis of ‘C-implication’. 


+1T23-11a [b]. If S is an [L-]true interpretation for K and 
@, — &, in K, then &, 7 fT, in S. 

Proof for (@) Let the conditions be fulfilled, and Dt, be the class 
of the junctives in K which are true in S Then Dt; fulfills the condi- 
tions Dab,c,d (Tx) —1 Let &, be false in S. Then ¥,— %, 
({1] To-r2) — 2. Let E,betruemS Then Z,¢DM, Hence, M, ful- 
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fills also D4a Therefore, Z, «Mt, (D4), T, 1s true, T, — F, ([I] To- 
13). — Proof for (b) Let the conditions be fulfilled. Let S’ be the 
sub-system of S which contains the junctives of K only Then 5’ 1s 
also an L-true interpretation for K For the sake of an mdirect proof, 
let us suppose that T, 1s not an L-implicate of T, in S’. Then there 
would be an Mt, which fulfills the conditions (a) to (e) in T22-46 with 
respect to S’, Z,, and T,. Then Jt, would fulfill the conditions (a), 
(c), and (d) in D4 with respect to T, and K But it would also fulfill 
Dab, for, if Tn ¢ Mx, and Lm gg Xp in K, then LT, [> T, in S’ (Dxb), 
hence £, eM, (T22-46b). Therefore, smce T, — T,, T, e Mz (D4), 
but also T, not ¢ Dt, (T22-46e). Thus our supposition is impossible. 
%, y &, in S’ and hence in S. 


723-13 (lemma). Let 9, be a class of junctives in S$ 
which fulfills the conditions (c) and (d) in D4. 

a. If every sentence in Mt; is true (in S), then every 
junctive in Dt, is true. 

b. If every sentence in S which does not belong to 
Mm, is false (in S), then every junctive in S 
which does not belong to M; is false. 

Proof. a Let the conditions be fulfilled Let %{ «Dt, Then every 
sentence of ®, et, (c) and hence is true Therefore, &% is true (D21-3) 
Let &Y «Mt. Then at least one sentence of &, € Mt. (d) and hence 1s 
true Therefore, &Y 1s true (D21-4) —b Let the conditions be ful- 
filled Let &§ not «Mt, Then there 1s a sentence ©, of &, such that 
©, not € Mts (c), and hence G, 1s false Therefore, %} is false (T21-1) 
Let ®} not eM, Then every sentence of ®, not ¢ Dt, (d) and hence 
is false. Therefore, §; 1s false (T21-2) 

123-14 (lemma). If ©, and &, are junctives in K and 
not I, ~ &, in K, then there is a system S such that the 
following holds: 

a. S is a true interpretation for K, 
b. &, is true in S, 
c. &, is false in S. 
Proof Let K, &,, and &, fulfill the conditions Then, according to 


D4, there is a class Dt, such that 1 Dt, and &, fulfill the conditions 
Daa, b, c, d, 2. not T, eM, Now we construct S§ in the following 
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way 3 S contains the same sentences as K, 4 every sentence (not 
conjunctive or disjunctive) of Nt, 1s true nS, 5 every other sentence 
is false m S (Since, in constructing a semantical system, we can 
freely choose the truth-conditions for the sentences, we can obtam 
the results (4) and (5) sumply by laymg down, for instance, the rules 
that any sentence of Dt, designates the L-true proposition, 1e that 
it 1s true if and only if A or not A, and that any other sentence 1s true 
if and only if A and not A | Then the following holds. 6 Every junc- 
tive mn Dt, is true in S ((1), (4), Tr3a) 7 Every other junctive mn 
S 1s false ((1), (5), T13b) 8 Let ©, and Z, be any junctives in K 
and hence in S such that J, 72 Z_ We distznguish two cases, A and 
B A LetS,,noteM, Then T,, is false in S (7), and hence 5, — Ta 
([I] Do-3) B Let, «Dt, Then &, eM, ((x), D4b) and hence is 
true (6). Therefore, 3, —&, 9 (a) from Dr, (3), (8) 10 Ti eM 
((1), D4a), and hence 1s true (6) Thisis(b) 11 (c) from (2), (7). 


+T23-15. &, — T, in K if and only if, for every true in- 
terpretation S for K, =, — &, in S. 


Proof + From Tr1a —2 If, ~ T, mevery true interpretation 
for K, then there is no true interpretation in which &, 1s true and T, 
false ([I] To-18) Therefore, , —— £, im K (Tra). 


+T23-16. Z, is C-true in K if and only if &, is true in 
every true interpretation for K. (From Ds, T15, T21-15.) 
+T23-17. &, is C-false in K if and only if &, is false in 
every true interpretation for K. (From D6, T15, T21-16.) 
+T23-18. &, is C-equivalent to T, in K if and only if &, 
is equivalent to &, in every true interpretation for K. (From 
D7, T1s, [1] T9-20b ) 
+T23-19. If S is an L-true interpretation for K, then the 
following holds- 
a. If £, is C-truein K, itis L-truein S. (From Ds, 
Tr1b, T22-24.) 
b. If &, is C-false in K, it is L-false in S. (From 
D6, Tr1b, T22-25.) 
c. If £, and &, are C-equivalent in K, then they 
are L-equivalent in S. (From D7, Tr1b, P22-9 ) 
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+T23-21. If ©, ©, and ©, is C-true, then f, is also 
C-true. (From Ds, T4.) 

+123-22. If ©, ~ T, and &, is C-false, then f£, is also 
C-false. (From D6, T4.) 


Once the correspondence between C-concepts and radical 
concepts is proved (T15 to 18), further theorems concerning 
C-concepts in analogy to those concerning radical concepts 
can easily be proved (e.g. T23 to 26). 

+T23-23. &, > 8; (in K) if and only if £, — every sen- 
tence of @,. (From Tr5, T21-5.) 

+T23-24. @; — &, (in K) if and only if every sentence of 
8, f, (From T15, T21-6.) 

123-25. Every f, @ A*. (From T23.) 

723-26. AY > every Z,. (From T24.) 

123-27. If &, is C-true, every Z,-~ Z,. (From Ds, 
T25, T4.) 

123-28. If Z, is C-false, £, ~ every I, (From D6, 
T26, T4 ) 

+T23-30. A* is C-true. (From Ds, Ts.) 

+1T23-31. A’ is C-false (From D6, Ts.) 

+T23-34. T, is C-true (in K) if and only if every Z, > f,. 
(From D5, T27.) 

+1T23-35. &, is C-false (in K) if and only if Z, > every 
,. (From D6, T28.) 

The definition for ‘C-implication’ given here (D4) for 
calculi containing junctives has a form quite different from 
the definition of the same term for calculi of the customary 
kind ((I] D28-4). Nevertheless, the new concept is in accord- 
ance with the old one, as far as the latter goes. This is shown 
by T41, based on the lemma Tyo. 

T23-40. (Lemma.) Let the calculi K,, and K, and the 
class Dt, fulfill the following conditions A to E. 
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A. K,, is a calculus of the customary kind (as de- 
scribed in [I] § 28), ie. the rules of K,, refer 
only to sentences and sentential classes but not 
to junctives. 

B. K,, is a calculus with junctives, containing all 
sentences of K,. 

C. If &, =~ G, in K,,, then Ti =z S, in K,. (If &, 
is R, or G,, ‘Z;’ means K; or S, respectively.) 

D. If &, is directly C-false in K,, T; z@ AY in Ky. 

E. MQ, is any class of junctives in K, fulfilling the 
conditions (b), (c), and (d) in D4. 

Then the following holds 

a. If &, is derivable from &, in K,, (in the sense 
of [I] D28-2) and Zi ¢ M,, then TP « Mz. 

b. A’ not ¢« Dy. 

c. If &,is C-false in Km, E} not e My. 

d. If t,-> ©, in K,, and XT; « Mz, then I; « My. 


e. A® ¢ Dt. 
f. If T,is Ctruein Ky, then ZT) ¢ My. 

Proof a Let ©, be derivable from &, in Km Then there is a 
sequence of sentences Jt; ({I] D28-z) which fulfills the following con- 
ditions (F) and (G). F For every sentence ©, in Jt; not belonging 
to §,, there is a sub-class %, of the class %, of the sentences preceding 
©, in R, such that R, 7@S,inK, G G, 15 the last sentence in R; 
Let &, «Mt, Then every sentence of &, and hence the conjunctive 
of every sub-class of @, belong to Mt. (E(c)) IfG,, is the first sentence 
of §t: which does not belong to &,, then S,, 1s a direct C-implicate in 
K,, of a sub-class of &, (F) and hence G,, « Mz (C, E(b)) Let S, be 
any sentence in 9%; but not in §&, and let &, and &, be as above (F) 
Then, if every sentence of &, belongs to Dt, &; ete (E(c)) and 
©, eM (E(b)). Therefore, by induction, every sentence of t; be- 
longs to ti, hence also G, (G) Let R, be derivable from #, in Kn 
Then, for every sentence G, of &,, G, 1s derivable from ®, n Kn 
([1] D28-2b) and, according to the result just found, R? > GS, m Ka, 
and hence &{ > &; in Kn (T23). The results hold likewise for ©, in- 
stead of , ([I], D28-2c).— b. From (E), Dad, since A has no ele- 
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ment —c Let &, be C-false in Kn Then ([I]| D28-3) there is a 
directly C-false £, which 1s derivable from T,in Kn If Ti? were an 
element of Dz, then Xp would also be one (a) Further, T} g¢ A” in 
K,, (D), hence (E(b)) A” would be an element of 2,, which is mpossi- 
ble (b). Therefore, XT} not «Mt, —d Let J, T,in K, Then 
([1] D28-4) either &, is derivable from &, or ©, 1s C-false in Kn Let 
Ti eMt,. Then T, cannot be C-false in Km (c) Hence Sf, is derivable 
from &,, hence Tj «Mt. (a) —e From (E), Dac —f Let Tf, be 
C-truem K, Then AT, m Ky ([I] D28-5). Therefore, smce 
A’ e Mts (e), T; ¢ Mts (d). 


+7T23-41. Let K,, and K,, fulfill the conditions (A), (B), 
(C), and (D) in T4o. Then the following holds: 
a. If ©, ¢ f,in Kp, then T; > T in Ky. 
b. If &, is C-true in K,,, £} is C-true in Ky. 
c. If E, is C-false in Kn, ©; is C-false in K,. 
Proof. a From T4od, D4 —b Let ZT, be C-true m K, Then 
A? &,m Kn ({I] D28-s). Hence A°— E} in Kz (a), hence £3 is 
C-true in K, (D5) —c. Let &, be C-false m Kn, Then A” belongs 
to every class It, which contams 7 and fulfills (b), (c), and (d) m 
Da, because there is no such It, (T4oc) Hence £; —@ A” (D4), and 
SZ? 1s C-false (D6) 


§ 24. Rules of Deduction for Junctives 


In a calculus of the ordinary kind (without junctrves), the 
statement of the primitive sentences as well as that of the rules 
of inference can be formulated as parts of the definition of 
‘direct C-implicate’, while the formulation of the rules of 
refutation requires a new basic concept ‘directly C-false’ 
([I] § 28) In a calculus with junctives, all rules of deduction 
can be formulated as conditions for direct C-mphcation To 
these rules belong those just mentioned and, furthermore, 
several kinds of disjunctive rules Among them, the rule 
“V* 5@ AY” (Rx) is of special terest. It has the effect that, 
in every true interpretation, at least one sentence 1s false (T18e) 


Let us consider how rules of deduction of different kinds 
can be formulated in such a way that they state conditions 
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for direct C-implication. The purpose of laying down a rule 
of deduction 1n a calculus K is to make sure that certain con- 
ditions with respect to the truth and falsity of the sentences 
in K are fulfilled in every true interpretation for K. It will 
be shown that the rules described serve this purpose 


1. Suppose we wish a certain sentence, say G, to be a 
primitive sentence in K. Our aim herein is to make sure that 
©, becomes true in every true interpretation for K. If we 
lay down the rule. “A° <2 ©,”, this aim is reached (Tra). 
A similar rule is used if every sentence of a certain kind is 
intended to become true (T1b); there may be an infinite 
number of such sentences. 

T24-1. 

a. If A* <2 G, in K, then in every true interpreta- 
tion for K, G, is true. 

b. If A° 52 8 in K, then in every true interpreta- 
tion for K, § is true and hence every sentence 
of §, is true. 

Proof Let S be a true interpretation for K. a Let A° 726, m K. 
Then A°® — ©, in S (D23-1), and hence ©, is true m © (T21-15). — 
b Let A° 328} in K Then Sj 1s true in S (as m (a)), and hence 
every sentence of §, 1s true (D21-3) 


2. A rule of inference of the ordinary kind is formulated 
here in the ordinary way, except that a conjunctive 1s taken 
instead of the class of premisses, eg. “&i72@G2”. Here it 
is easily seen that the purpose is fulfilled (T3a) Analogously 
for a class of several conclusions (T3b). 

T24-3a [b]. Let 8; <2 S, [@;]. Let S bea true interpreta- 
tion for K, and all sentences of &, be true in S. Then 6, 
[every sentence of &,] is true in S. 


Proof for a[b]. Let the conditions be fulfilled Then &; — ©, 
[@3] m S (D23-z) 7 1s true in S (D21-3) Therefore S, [83] 1s 
true ({I] To-10) [and hence every sentence of §, (D21-3)]. 
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3. Disjunctive rules 


a. Suppose we want to ensure that, in every true inter- 
pretation for K, at least one of a given class of sentences, 
say 1, is true. Then we lay down the rule: “A* = &{” 


(Ts). Here, we may call &} a primitive disjunctive, in analogy 
to the term ‘primitive sentence’. If those sentences are 
finite in number, and each of them is known, say Gi, &:, 
and Gs, then the rule is: “A° 32 {Gi, Se, Ss}"”. 


+T24-5. Let A° 2 & in K, and S be a true interpreta- 


tion for K. Then at least one sentence of §, is true in S. 
(From D23-1, T21-15, D21-4.) 

Example of a primitive drsyunctive. Hempel (“A Purely Topological 
Form of Non-Anstotehan Logic”, Journ Symb Logic, vol 2, 1937, 
p 97, shorter representation in Erkenninis, vol 6, 1937, p 436) con- 
structs a language T of the followmg kind T contains neither variables 
nor connectives There are certain classes of three sentences each — 
we call the class of these classes Jt: — such that there is a true sen- 
tence in each of these classes Hempel constructs a calculus — we call 
it K — for the language T He remarks correctly that a rule of the 
ordinary kind determining the concept of direct consequence or con- 
sequence (1e direct C-implication or C-implication) does not suffice 
to represent the fact that there 1s a true sentence in every class of Wt. 
Therefore, he lays down a rule (6 6, p 106) concerning not ‘conse- 
quence’ but the concept ‘closed system’ (in our terminology, ‘C-com- 
plete, C-perfect sentential class’, [I] D3o-5 and 7) Although this 
rule is stronger than a rule of the ordmary kind, it does not suffice to 
ensure that, in every true interpretation for K, there is a true sentence 
in every class of {t; (The reason for this is that there is not neces- 
sarily a state-description im S for every L-state, see [I] § 18 at the 
end) This can, however, be done by the followmg disjunctive rule: 
“For every class &, of ti, KY 1s a primitive disyunctive m K (ie 
A® 32 8)”. 

b. Disjunctwe rule of inference. Suppose we want to en- 
sure that, if &, is true in any true interpretation S for K, at 
least one of the sentences of a certain (finite or infinite) 
class , is also true. We do this by the rule- “3, a¢@ &}”- 


T24-7. Let I, 3¢ K; in K. Let S be a true interpreta- 
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tion for K, and &, be true in S. Then at least one sentence 
of 8, is truein S. (From D23-1, [1] Tg-10, D21-4.) 


c. A rule of refutation has the purpose of ensuring that one 
or several sentences are false in every true interpretation. If 
we want ©, to become false, we lay down the rule of refuta- 
tion “G, = AY”, Tf every sentence of a given class §, is to 
become false, we state the rule ‘“‘¥ 7 A’”. If at least one 
of the sentences of %, is to become false, we state: ‘‘ &} 52 A” 

+7T24-9. Let 3, = A“ in K_ Let S be a true interpreta- 
tion for K. Then the following holds: 

a. ©, is false in S. (From D23-1, T21-16.) 

b. If T, is RY, then every sentence of §, is false in 
S. (From (a), T21-2.) 

c. If 3, 1s &7, then at least one sentence of §, is 
false in S. (From (a), T21-1.) 


The following rule Ri is a special case of a disjunctive 
rule of refutation (the last kind discussed above, Toc). 

+R24-1. V' = AY. 

This rule does not refer to any particular form of sentences, 
and therefore it is possible to use it in connection with any 
calculus whatever It turns out that, for many calculi, the 
addition of this rule 1s useful This is the case if a calculus K 
contains sentences which, though false in the interpretation 
intended for K, are not C-false in K but only C-comprehen- 
sive (D1, corresponding to [I] D30-6). By adding R1, these 
sentences become C-false and hence false in every true in- 
terpretation (Tx8c, f). 

D24-1. &, 1s C-comprehensive in K =p: T, — every 
sentence in K. 

T24-11. &, is C-comprehensive (in K) if and only if 
I. V*. (From D1, T23-23.) 

1T24-12. If &, is C-false (in K), it 1s C-comprehensive. 
(From D1, T23-28.) 
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T24-13. In any calculus, the following junctives are 
C-comprehensive- 
a. V*. (From T11, T23-5 ) 
b. AY. (From D1, T23-26 ) 
124-14. If V° is C-false in K, then every C-compre- 
hensive junctive in K is C-false (From T11, T23-22.) 
+T24-18. If K’ is constructed out of K by adding the 
rule Rr, then the assertions (a), (b), (c) hold. If, moreover, 
S is a true interpretation for K’ containing no other sentences 
than K’, then, in addition, the assertions (d), (e), (f) hold. 
(V is the universal sentential class in K, in K’, and in S.) 
a. V’ > A’in K’. 
b. V° is C-false in K’. 
c. &, is C-false in K’ if and only if &, is C-com- 
prehensive in K. 
d. V° is false in S. 
+e. There is at least one false sentence in S. 
f. If £, is C-comprehensive in K, it is false in S. 

Proof a. From T23-3 —b From (a), D23-6 —c. If &, is 
C-false in K’, 1t is C-comprehensive in K’ (T12) and hence in K (The 
class of C-comprehensive junctives Js not increased by Ri, because 
the two junctives involved are C-comprehensive anyway, see T13 
a,b.) If , is C-comprehensive in K, it is C-comprehensive in K’ and, 
hence, C-false in K’ ((b), T14) —d From (b), T23-17.—e From 
(d), T2t-19 b —f If X, 1s C-comprehensive in K, 1t 1s C-false in K’ 
(c), and hence false in S (T23-17) 

Tx8b and e show that the effect of Ri in a calculus with 
junctives is the same as that of the rule of refutation without 
a disjunctive “V is directly C-false” (R20-1) in a calculus 
of the ordinary kind. There is, however, a difference between 
the two rules. R24-1 is part of the definition of ‘direct C-im- 
plicate’ and does not involve ‘directly C-false’ as an addi- 
tional basic concept, as R20-1 does. 


We shall apply Rz in order to supplement PC (§ 26). This 
will exclude one kind of non-normal interpretation of PC. 


E. FULL FORMALIZATION OF PROPOSITIONAL 
LOGIC 


The junctives introduced in the preceding chapter are here 
used for the construction of a new system of propositional 
logic (§ 25) and a new propositional calculus, called PC* 
(§ 26) PC*, in contradistmction to PC, 1s a full formahzation 
of propositional logic (§ 27). 


§ 25. Junctives in Propositional Logic 


On the basis of the systems of radical and L-concepts for 
junctives (§§ 21 and 22), the previous system of propositional 
logic (§§ 11 to 13) is adapted to junctives Among the results: 
a conjunction; 1s L-equivalent with the conjunctive of the 
components (T3b), a disjunction; with the disyunctive (T4b). 


In the last chapter the junctives were introduced, and 
their use in semantics and syntax was discussed in general. 
Now we are coming back to propositional logic and propo- 
sitional calculus, in order to find out what changes these 
systems undergo if junctives are used. 

As a system of semantical concepts for junctives, we shall 
use that discussed at the end of § 22, based on D22-1 and 2. 
As explained in § 22, this system comprehends all theorems 
of § 22 (including P22-1 to 15, regarded as theorems) and 
of § 21, further, it comprehends the general definitions and 
theorems of § 11 (up to D11-12) and of [I] § 18 modified by 
replacing any reference to a sentential class &, by a reference 
to the corresponding conjunctive &; Then we add, as a 
system of propositional logic based on NTT, the pertinent 
definitions and theorems in §11 (from Dr1-14 on), § 12, 
and §13, with the same modification. On this basis, we 
shall state here a few more theorems concerning connectives 
of NTT and junctives. 
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+T25-3a [b]. If S contains a sign of conjunction (1), and 
G, and G, are closed, then {6,, S,}* is [L-Jequivalent to 
con 13(S,,S,). (Corresponds to T13-14.) 

+T25-4a [b]. IfS contains a sign of disjunction cz), and G, 
and ©, are closed, then {G6,,6,}" is [L-]equivalent to 
dis 13(S.,6,). (From T13-13(2), D22-2, T11-6(2) ) 

Analogous theorems hold for conjunctives and disjunctives 
with any finite number of elements 


T25-7a [b]. If S contains a sign of negation;,, then, 
for any closed G,, {G,, neg,1}(G,)}* is [L-]false. (From T3, 
T13-28(r).) 

T25-8a [b]. If S contains a sign of negation;z), then, 
for any closed G,, {G,, negrr}(G.)}" is [L-]true. (From Tq, 
T13-25(r).) 


§ 26. The Calculus PC* 


The calculus PC} with junctives (Dz) is constructed out of 
PC, (D2-2) by adding two rules, a disjunctive rule of nference 
(6) and a disjunctive rule of refutation (7) PCY (D2), in 
analogy to PC? (D3-6), contains definitions for the other con- 
nectives The general concept of forms of PC* 1s defined (D3) 


Now we shall make use of disjunctive rules in order to 
supplement PC so as to exclude the possibility of non-normal 
interpretations for the connectives We call the resulting 
calculus PC*. It will be shown (§ 27) that this calculus ful- 
fills the purpose. 

The first kind of non-normal interpretation (T16-6) is 
such that all sentences become true, even those which are 
C-comprehensive and hence L-false in the intended (L-nor- 
mal) interpretation. We have seen that, if any calculus pos- 
sesses this unwanted feature, it can be removed by the 
addition of R24-1 (see T24-18e, f). This is rule (7) in PC} 
(D1 below). 
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The second kind of non-normal interpretation (T16-7) is 
such that rule Dj4 of NTT (§ 10) is violated. This means 
that PC does not exclude a true interpretation in which two 
closed sentences ©, and G, are false but, nevertheless, their 
disjunction, sentence dis,(©,,G,) 1s true On the other 
hand, in the system of propositional logic on the basis of 
NTT, if a disjunction of closed sentences is true, at least one 
of the two components 1s true, and hence their disjunctive 
is true, in other words, dis(S,,&,) > {S,, G,}“. In order to 
ensure that this should be the case in every true interpreta- 
tion, we have merely to add a corresponding disjunctive rule: 
“‘dise(G.,S,) 3@ {S., S}", for closed G, and G,”. This is 
rule (6) in PCY (Dz). 

As an example of a form of PC, we have previously stated 
PC, (D2-2). The corresponding form PC7 consists of the 
same rules (with conjunctives mstead of classes) and, in 
addition, the two disjunctive rules (6) and (7) just men- 
tioned. 

+D26-1. K contains PC{ with neg, as sign of nega- 
tion, and dis, as sign of disjunction =p; K fulfills the fol- 
lowing conditions. 

a. neg, is a singulary and dis, a binary general 
connective in K. 

b. The relation of direct C-implication holds in 
the following cases for any ©,, G,, and ©, (but 
not necessarily only in these cases). 


1, 2, 3, 4, as in D2-2b but with ‘A’’ instead of 
*A? 


5. {S., dis-(neg(S,),S,)}° x So 
6. dis.(,,S,) =¢ {S., S,}", where S, and ©, 
are closed. 
7.V' ek". 
In analogy to ‘PC>’ (D3-6), we define ‘PC?”. 
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+D26-2. K contains PC}? =p; K contains PC* and, 
in addition, definition rules on the basis of neg, and dis¢ for 
signs for all other singulary and binary connectionsc, with 
definientia as given in column (5) of the table in § 3. 


The general concept of forms of PC* (D3) is defined in 
analogy to D4-1. 

D26-3. A calculus K, contains (a form of) PC* =p; 
there are calculi K,, and K, such that the following condi- 
tions are fulfilled: 

a. K,, contains PC*”. 

b. K, is a conservative sub-calculus of K, ([I] 
D31-7) 

c. For every sentence ©, in K,, there is a sentence 
G, in K, (and K,,) which is C-equivalent to ©, 
in Ky. 

d. K, 1s isomorphic to K, by a correlation H. 


§27. PC* is a Full Formalization of Propositional 
Logic 
The interpretations for PC* are examined It 1s found that 
the connectives negc and disc in PC{ have a normal interpre- 
tation in any true interpretation for PCj and an L-normal in- 
terpretation in any L-true mterpretation for PC] (T1) The 
same holds for all 4 + 16 connectives in PCT? (Ts), and hke- 
wise in any other form of PC* (T9) Thus PC*1s a full formal- 
zation of propositional logic 


Now it will be shown that the connectives in PC* can only 
be interpreted normally. 


+T27-1a[b]. If K contains PCF and S is an [L-]true in- 
terpretation for K containing only the sentences of K, then 
neg, and dis, in K have an [L-]normal interpretation in S. 

Proof Let Km bea calculus of the ordinary kind (without rules of 


refutation) corresponding to K (ie the relation between Km and K 
1s that described for K,, and K, in T23-40 A, B, C, D is fulfilled 
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vacuously). Then, K, contams PC, Therefore, analogues to all 
previous theorems concerning PC, hold for K (T23-41) —I, for (a) 
(see remark preceding T15-4) Let ©, and G, be any closed sentences 
mKandS disc(S.,S,) <2 {S.,S,}” m K (D26-1b(6)), therefore 
disc(G.,S,) — {S,, S,}” m S (D23-1a) Hence, xf disc(S,,S,) 1s true 
in S, {G,, S,}” 1s also true, and at least one of the two sentences 1s 
true (D21-4) In other words, if both sentences are false, disc(S,,6,) 
is false Thus disc generally satisfies rule Dj4in NTT Further, disc 
generally satisfies Dj1 to 3 (T15-4a) Hence, disc 1s a sign of disyunc- 
tion in S (Tx1-12a) and has a normal mterpretation (D15-1a) negc 
in K cannot violate N2 in S because otherwise disc would violate Dy4 
(T15-7d) In consequence of rule (7) (D26-1b(7)), at least one sen- 
tence m S 1s false (T24-18e) Therefore, nego generally satisfies Nx 
(Tx5-6), 1s a sign of negation in S, and has a normal interpretation — 
Tl, for a [b] Let ©, be disc(S,,S,) Because of rule (6), G:, a {S,, 
©,}" in S (D23-1) Therefore, ~R, + R, + R, contams rs (D22-2, 

I| T18-28) [1s V. (D22-2, [I] T18-10)] Hence, disc generally 

L-|satisfies Dy4 (Tr13-10(4)), and likewise Dyr, 2, and 3 (Tr5-4). 
Hence, disc is a sign of disjunctioncr) in S (Trr1-12) Let G, be 
negc(G.), and G, be disc(G,,S,) Then, because of rule (6) as above, 
—R,+R.+ RB, contams rs [is V.] ©, 1s C-true in K (Ts-1a), and 
hence [L-]true m S (T23-16 [T23-19a]) Hence R, contains rs [is 
V.| Therefore, R, +R, contams rs [is V.] Let Ke be {S,, S,}*. 
Rm V° m K (Ts5-2l, T23-23), hence Xp 7} V° mn S (T23-11)  Be- 
cause of rule (7), V* is [L-]false in S (T24-18d [T22-25]) There- 
fore, @¢, 1s [L-]false ([I] To-11 [P22-7]) Hence, R, X Ra does not 
contain rs [1s A,| (D22-1), hence, —R, + (—R,) contains rs [1s Vs]. 
We found previously the same for R,-+ R, Therefore, nege is a sign 
of negationcr) in S (T13-5) 


Note on Tr If K contains two sub-calculi of the form PC}, 
and S 1s an [L-]true interpretation for K, then obviously, according 
to Tz, both signs of negationc and both signs of disyunctionc have an 
[L-]normal interpretation in S But the same result 1s obtaimed if 
only one of the sub-calculi has the form PCT while the other has the 
ordinary form PC, without disjunctive rules, provided that K fulfills 
the conditions (B) and (C) in T6-10. This follows from T15-1 and 2 


+1T27-5a [b]. If K contains PC?” and S is an [L-]true 
interpretation for K containing only the sentences of K, 
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then all connectives of PC*” in K have an [L-]normal inter- 
pretation in S (From Tx, T16-2. Analogues to previous 
theorems concerning PC? hold here, see proof for Tr.) 

+T27-9a [b]. Let K contain any form of PC*. If Sis an 
[L-]true interpretation for K containing only the sentences 
of K, then every connective of PC* in K has an [L-]normal 
interpretation in S. 


Proof fora [b] Let the conditions be fulfilled, and K, be K Then 
there are calculi K, and K,, fulfillmg the conditions (a) to (d) in 
D26-3 Let us further make the followmg assumptions (They do not 
restrict the generality, except that we refer only to a binary connective, 
the consideration for a smgulary connective would be analogous ) 
A. Let S, be S, hence Sp 1s an [L-]true interpretation for Kp 
B. Let a, be a sign im K, and hence in Ky, and let it be the sign for 
cConn? m PC]? in Kn C. Let G, and G, be any closed sentences 
nK, D. Let ap, Gp, and G, be the H-correlates (according to D26- 
3d) in Ky to On, Sn, and G, respectively E. Let the system S, be 
constructed in such a way that the following conditions (a) and (b) 
hold, then (c) holds too a. S, contams the same sentences as Kn 
b. The truth-condition stated by the rules of S, for any sentence m 
K,,1s the same as that stated by the rules of S, for the H-correlate of 
that sentence m K, Cc. Any sentence m S, 1s equivalent and even 
L-equivalent to its H-correlate in S, (Concerning the application of 
semantical relations to 1tems in different systems, see remarks at the 
end of [I] § 12 and of [I] §16) F Let the system S,, be constructed 
in such a way that the following conditions hold. a. S» contains the 
same sentences as K, b. For any sentence in S,, which belongs also 
to S,, the same truth-condition 1s laid down m Sm, asin Sy, Cc. For 
any sentence in S, which does not belong to S,, the same truth- 
condition is laid down in S,, as for a sentence in S, which we choose 
arbitranly among those which are C-equivalent to 1t n Kn (D26-3c), 
hence the two sentences are L-equivalent in S;, 

On the basis of these assumptions, the followmg holds: 

I. Gp is a sign for cCConn? n K, (From B, D, D4-3)—2 Sais 
an [L-ltrue interpretation for K, (From A, D26-3d, E) —3. Ifa 
sentence m K,, is C-equivalent mn K,, to each of several sentences in 
K,, then these sentences are C-equivalent to one another in K,, and 
hence also in K, (D26-3b), and (es to one another in S, 
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(2) and hence also in S,, (F(b)) —4 Ifa sentence G, mn K,, which 
does not belong to K, 1s C-equivalent in K,, to a sentence ©, in Ky, 
then there 1s a sentence ©; in X, (namely, that chosen according to 
F(c)) whichis [L-]equivalent to &, (F(c)) and to G, in Sn (3), hence S; 
18 [L-]equivalent toS,inS, —5 lfT,— T,in Ka, then T, wu T, in 
Sm (Proof There are T, and Tin K,, such that J, 1s C-equivalent to 
Tm Kw (D26-3c) and hkewise T, to, Then &, is [L- equivalent 
to Z, in Sz (4), and hkewise T, toT, Smnce T, @ FT, in Kn, Te GTi 
in K,, (T23-4), and hence also m K, (D26-3b) Therefore T; Din 
Sx (2), hence T, 73 T, m Sm ({I] To-14b [P22-5]))—6 S,, 1s an 
[L-]true interpretation for K, (From D23-1, T23-3, (5))—7 dais 
a sign for {z;Conn? in S,, (from D26-3a, F(a), (6), B), and hence in 
S. (F(b)).—8 an(G,,S,) in S, 1s [L-lequivalent to a,(G,,S;) in 
S, (From D, E(c))—o9 ay has the same [L-]characteristic in Sy as 
a, mS, (From E(c), (8))—10 apy 1s a sign for pjConv? in Sy. 
(From (9), (7))—11 a, in K, (= K) has an [L-]normal interpre- 
tation in S, (= S) (From D15-1, (1), (10) ) 


It has previously been explained (at the end of § 18) under 
what condition a calculus may be called a full formalization 
of propositional logic as represented by the rules NTT. Tx, 
5, and g show that any calculus containing the special forms 
PCf or PC}? or in general any form of PC* fulfills that con- 
dition. 

We have formerly seen (§ 19 at the end) that the follow- 
ing two principles hold in the propositional logic, but that 
their validity is not assured by PC 


A. Principle of (Excluded) Contradiction. A sentence and 
its negation cannot both be true 

B. Principle of Excluded Middle. A sentence and its nega- 
tion cannot both be false. 

It follows from the preceding results that the validity of 
both principles is assured by PC*, that is to say, the princi- 
ples hold in any true interpretation of a calculus containing 
PC* with respect to negc in PC*. In the case of PCf, this 
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can easily be seen directly on the basis of the rules (see 
D26-1). 


Let K contain PC{ and hence PC,. Let S be a true interpretation 
for K, and 6, be any closed sentence in K. Then every sentence, and 
hence also V, is a C-implicate of {S,, negc(&,)} in PC, (T5-21). There- 
fore, V*, and hence, according to rule (7) (D26-1), A” is a C-implicate 
of (S;, negc(S.)}* in K. Hence, this conjunctive is false in 5 (T23-r11a, 
Tz1-16), and at least one of the two sentences S; and negc({E,) 1s 
false in S (T21-1). This is A. Further, disc(S,,negc(S,)) is C-true 
in K (Ts5-1a). Hence, according to rule (6), {&i, negc(S,)}” is C-true 
in K and true in S. Therefore at least one of the sentences S; and 
negc(;) is true in S (D21-4). This is B. 


F. FULL FORMALIZATION OF FUNCTIONAL LOGIC 


§ 28. 


The problem of the possibility of a full formalization of 
functional logic (with respect to predicates of first level only) 
is discussed. The ordinary form FC, of the (lower) functional 
calculus 1s not sufficient for this purpose (§ 28). With the help 
of transfinite junctives (§ 29), the calculus FCT 1s constructed 
(§ 30) This calculus 1s a full formalization of functional logic 
(§ 31) Finally, an alternative to the use of junctives is ex- 
plained, based on a concept called ‘involution’, with its help, 
a calculus FC?* 1s constructed, which 1s hkewise a full formali- 
zation of functional logic (§ 32) 


The Functional Calculus (FC) 


As logic of functions, we take a system with predicates of 
first level and a denumerable set of individuals, all of them des- 
ignated by individual constants The rules of a special form 
(FC) of the ordinary lower functional calculus (FC) are laid 
down (Dx and 2) The concepts of normal interpretations for 
the universal and the existential operators are defined (D6 
and 7) A true interpretation of FC, is wndicated in which the 
operators have a non-normal interpretation Therefore, FC is 
not a full formalization of functional logic. — The result of 
substituting an individual constant for a free individual vari- 
able in ©, 1s called an instance of ©, (D3) 


In the previous chapters we have studied the ordinary 
propositional calculus PC. By using junctives, we have 
transformed it into a new calculus PC*, which is a full for- 
malization of propositional logic. Analogously, we shall now 
study the ordinary functional calculus FC, and transform 
it into a new calculus FC*, which is a full formalization of 
functional logic. Here the use of transfinite junctives will be 
necessary. 

For the sake of simplicity and brevity we shall restrict the 
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following investigation in several respects. We shall analyze 
only the lower functional calculus (containing predicates of 
the first level only). We shall discuss only one form of it; 
we shall call it FC, because it is analogous to the form PC, 
of PC (D2-2) As in the case of PC, the results found for 
FC, hold in an analogous way for the other forms of FC also. 


The form FC, to be explamed below is, m its essential features, 
the form constructed by Hilbert and Bernays, see Hilbert and Acker- 
mann [Logik], Kap III, and Hilbert and Bernays [Grund] Math I], 
§4 We simplify this form here by using individual variables as the 
only variables We discard propositional variables (see §2) and 
predicate variables, stead of Hilbert’s primitive sentences we have 
then to use primitive sentential schemata (as in PC, see §2) The 
inclusion of these two kinds of variables would not, however, cause 
any difficulty m establishing a full formalization. 


We presuppose a system of functional logic, the task will 
be to give a formalization, and if possible a full formaliza- 
tion, of this functional logic. We suppose that the realm of 
individuals, ie. the realm of values for the individual van- 
ables, is denumerable (i.e there is a one-one correlation be- 
tween the individuals and the natural numbers). Further, 
we presuppose that every individual is designated by an 
individual constant in the system (eg. ‘a’, ‘b’,...). [In- 
stead of individual constants, individual expressions might 
be used, as e.g. the so-called accented expressions ‘o’, ‘o’’, 
‘o’’’, etc., as used by Hilbert in another system, and in 
[Syntax] in languages I and II; see [Syntax] § 3.] 

The calculus FC is a calculus of the ordinary kind, that 
is to say, we deal here not with junctives but with sentences 
and sentential classes only. Later we shall again make use 
of junctives. 
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The Calculus FC, 
1. Classification of signs 
a. Sign of negation (neg,), sign of disjunction (dis,), 
parentheses, comma (as in PC)). 
b. Individual constants. 
c. Individual variables (i). 
(b) and (c) are called individual signs (in). 
d. Any number of predicates of any degree. 
(pr® is the class of predicates of degree 1.) 
e. The existential sign ‘Z’ (its name in the metalanguage 
is also ‘H’). 


2. Rules of formation 


+D28-1. An expression in FC; is a sentence in FC, =p, 
it has one of the following forms (a) to (e). 


a. 


can et 


pr"(ing, ite, ings, ..- ten) (an atomic sentence 
consisting of a predicate of degree # with m in- 
dividual signs as arguments). 


. negc(S,). 

° dis,(G,,S,). 
- (x)(G,). 

. (dix) (G,). 


3. Rules of deduction 


+D28-2. Direct C-implication in FC, holds in the fol- 
lowing cases (1) to (5), (8) to (13), and only in these. 
1 to 5, as in PC,; see D2-2. 
8. A 52 disc(nege((tx) (S,)),S,). 
9. A = disc(nege(S.), (ix) (G,)). 
10. G6. 2 S, (i), where in, is not a variable which 


would be bound at one of the places of substitu- 
tion after the substitution. 
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11. disc(S.,S,) =e dise(S., (in)(G,)), provided i, 
does not occur as a free variable in G,. 


12. dise(negc(G,),S,) xv disc(nege( (Aim) (S.)),S,), 
provided i,, does not occur as a free variable in 
S,. 

13. S, <2 S, where S, contains as part a sentence 
G, of the form (im)(G,) or (Ain)(G,), and &, 
is constructed out of 6, by replacing ©, with 


(in) (Sp (‘")) or (din) (Sp (")) respectively, here, 
i, may be any variable not occurring in G>. 
Explanation (8) and (9) correspond to the following two primitive 
sentences in Hilbert’s system, written with a predicate variable ‘F’ 
and with ‘D’ as a defined sign of umphicationc ‘(x)(F(x)) > F(x)’ 
and 'F(x) > (Ax)(F(x))’ (zo) 1s the rule of substitution Su) 18 
the sentence constructed out of ©, by substituting inm for i, at all 
places where i, occurs as a free variable n ©, (11) and (12) are the 
rules of insertion for the universal and the existential operator (13) 1s 
the rule for replacing one bound vanable by another. 


D28-3. S, is an instance of 6, with respect to i, in 
FC, (or in FC*, § 30) =p: S, has the form 6.( 1) where inn is 
an individual constant. 


Examples ‘P(a)’, ‘P(b)’, etc , are instances of ‘P(x)’ with respect 
to ‘x’ Of ‘P(x) V Q(y)’, ‘P(a) V Q(y)’ 1s an instance with respect to 
‘x’, ‘P(<) V Q(a)’ with respect to ‘y’ If t, does not occur as a free 
variable m ©, (eg ‘x’ in ‘R(a,b)’, ‘R(a,y)’, ‘(x)R(a,x)’, then S, 
itself is the only stance of ©, 


D28-4. {6,(")} (in FC, or FC¥) =p; the class of the 
instances of ©, with respect to ix. 
In T4, we list some examples for C-implication in FC, for 
reference in subsequent proofs. 


T28-4. In each of the following cases, G, is a C-rmplicate 
of S, in FC. 
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G15 SG, 1s 
a. (is) (Sp) e,(» ) 
b. GS, (tx) (Gp) 
e S,( 1" ) (au) (G-) 
d. (ais) (Sy) nego((ts) (nege(Sp))) 
e. (d) 1n 1nverse order 
f. (us) (Sp) nego( (Tis) (nege(S-) )) 
6. (f) 1m inverse order 


Proofs In each of the cases described, disc(negc(@,),S,) is known 
to be provable in FC; (see eg Hilbert [Logik], Kap im, §6, or, for a 
slightly different calculus, Whitehead and Russell [Princ Math], 
vol I, *1o), and 1s hence C-true in FC) ({1] T29-100) Therefore, 
since FC, contains PC, S, — ©, (T7-1) 


Let S be a semantical system containing individual vari- 
ables and individual constants, § may, for instance, contain 
the signs and sentences of FC;. The values ([I] § 11) of the 
individual variables are called the individuals in S. We pre- 
suppose here that all mdividual constants in S are value 
expressions for the individual variables Therefore, the 
designata of the individual constants in S belong to the in- 
dividuals; we call them drrecily designated indwwiduals. 
(Other individuals in S may either be designated by complex 
individual expressions, eg full expressions of functors, or 
not be designated at all in S) Analogously, we call those 
attributes which are designated by predicates in S directly 
designated atirbutes in S. 


By the normal interpretation of FC we mean that which is 
ordinarily used According to it, ‘(x)(P(x))’ means ‘for 
every x, x is P (1.e. x has the property P)’, and ‘(Ax)(P(x))’ 
means ‘for at least one x, x is P’. Hence, if the operators 
have a normal interpretation in S, then ‘(x)(P(x))’ is true 
in S if and only if every individual in S has the property de- 
termined ([I] §11) by the sentential function ‘P(x)’, and 
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‘(Gx)(P(x))’ is true if and only if at least one individual has 
that property. This consideration leads to the following 
definitions D6 and 7. 

+D28-6. The universal operator in FC, has a normal 
interpretation in S =p; S is a true interpretation for FC, 
and any closed sentence of the form (i,)(,) is true in S if 
and only if every individual in S has the property deter- 
mined by 6. 

+D28-7. The existential operator in FC, has a normal 
interpretation in S =p; S is a true interpretation for FC, 
and any closed sentence of the form (Hi,)(G,) is true in S 
if and only if at least one individual in S has the property 
determined by Gp. 

It is easy to see that there are true interpretations for FC, 
in which the operators have a non-normal interpretation, 
even if the connectives have a normal interpretation. Thus, 
e.g., 5; may be a true interpretation of such a kind that the 
connectives have a normal interpretation in S,,while ‘(x)P(x)’ 
is interpreted in S, as “every individual is P, and b is Q”, 
and ‘(Hx)P(x)’ as “‘at least one individual is P, or b is not 
Q”. (For this example, see [Syntax] § 62.) Therefore FC, 
is not a full formalization of the logic of functions. 


The rest of this section is of less importance, the results 
will not be used in the subsequent sections. Tio shows that 
some of the previous theorems which contain the condition 
of extensibility (D6-1) hold also for FC, and hence for many 
other calculi constructed on the basis of FC). 

T28-10. The rules of inference in FC, (D2(s), (10) to 
(13)) are extensible. 

Proof. For (5). T6-5 — The proof for (10) 1s analogous to that for 
T6-3a — For (11) From disc(@,,disc(S.,S,)), C-implication leads, 
step for step, to the following sentences, under the conditions required 
for im (m rule (11)) and for@, (inD6-1) disc(disc(G:,S,),S,) (Ts-3k), 
disc(disc(Gi,S.), (im)(G,)) (rule (11)), disc(S,,disc(S.,,(im) (S,))) 
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(Ts-3k) — For (12) From disc(@i,disc(negc(S,),S,)), C-implica- 
tion leads to the following sentences, under the conditions required for 
inand Sz: disc(negc(S.), disc(Si,S,)) (15-3), disc(nege((Atn)(S)), 
disc(Gi,G,)) (rule (12)), disc(Gi,disc(nege((Tim) (S,)),S,)) (T's-3)). 
— For (13) Between the disyunctionc sentences, direct C-implication 
holds, by rule (13) itself 

If K contams a form of FC with predicate variables and contains a 
tule of simple substitution for predicate variables and a rule of sub- 
stitution with arguments for predicate variables, then these rules can 
easily be shown to be extensible The proof 1s analogous to that for 
T6-32. 


Let us consider a calculus K containing the following rule (11’), 
which is simpler but weaker than (11) Rule (11’). G, 72 (tm) (S,). 
This rule is not necessarily extensible It 1s so of K permits the opera- 
tion known as “shifting the universal operator”, ie if (in) (disc(G,, 
S,)) @ disc(S.,(in)(S,)) mn K provided that im does not occur as a 
free variable n ©, This 1s, for instance, the case in the calculus called 
language II in [Syntax], because of PS II 19 ([Syntax] § 30). There- 
fore the rule R II 2 ([Syntax] § 31), which corresponds to rule (11’) 
above, is extensible, as is shown by [Syntax] Theorem 32 2a Hence 
Tro holds also for language II 

The reason for the restriction with respect to free variables in the 
definition for ‘extensible’ (D6-1) can now be explained by an example 
in FC If we take the rule (11’) just mentioned, then ‘P(x)’ 32 
‘(x)P(x)’ On the other hand, ‘~ P(x) V (+)P(r)’ (Ge) is certainly not 
a C-implicate of ‘~P(x) V P(r)’ (Gi), because ©, 1s C-true while Ge 
is C-equivalent to ‘(x)(~P(x) V (x)P(a))’ and hence to ‘(x)(~P(x)) 
V (x)P(x)’ and is therefore C-indeterminate (In the normal interpre- 
tation, G. is false if some individuals are P and some are not ) This 
shows that the restriction in D6-1 is necessary On the other hand, it 
can be shown that the restriction 1s strong enough It suffices to re- 
quire that any free vanables in G,;,1e the component added, do not 
occur freely mn the rest, without requiring that S, be closed, because 
*P(y) V Q(x)’ (where ‘P(y)’ takes the place of ©;) 1s C-equivalent to 
“()(PO)) V Q(z)’. 

Earlier (at the end of § 6), a procedure was indicated for transform- 
ing a non-extensible rule into an extensible one As an example, let 
us suppose that a calculus K contains rule (x1’) m such a way that 
(z1’) 1s not extensible, eg by containing only the rules of deduction 
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of FC, (D2) but with (11’) mstead of (11) Then the procedure de- 
scribed earlier would transform (11’) mto the extensible rule (11) 

+7T28-11. If K contains FC, and there are no other rules 
of inference in K than those of FC, (D2(5),(10) to (13)), then 
the assertions (a) and (b) in T6-14 hold for K (From Tio, 
T6-10, T6-12 ) 

Tir may be called the deduction theorem for FC, (see re- 
mark on T6-12). Tro holds also for the other forms of FC 
and for the customary forms of the higher functional calculus. 
Therefore T11 holds for very many calculi in practical use 
Many postulate systems are constructed on the basis of the 
(lower or higher) functional calculus, the postulates (axioms) 
are additional primitive sentences (see [Foundations] § 16); 
in most cases there are no additional rules of inference 


§29. Transfinite Junctives 


If the rules of deduction defining the concept of direct 
C-implication (or direct derivability) are such that in any 
given case we can find out by a finite number of steps whether 
or not that concept holds, then that concept and those rules 
are called definite, otherwise, indefimte An indefinite rule 
usually refers to a transfinite yunctive This 1s, in the cases of 
indefinite rules used by logicians so far, a transfinite sentential 
class (or conjunctive) as C-implicans But it 1s also possible 
to use a disjunctive rule with a transfinite disjunctive as C-1m- 
plcate The use of indefinite rules referrmg to transfinite 
junctives will be necessary for solving the task of a full formali- 
zation of functional logic 


In this section we shall discuss indefinite rules and trans- 
finite junctives because we shall later find them necessary for 
the construction of a calculus which is to be a full formaliza- 
tion of functional logic (§ 30). 

A concept is called definite (or effective) if its definition 
provides a so-called method of decision (Enischeidungsver- 
Johren), i.e. a method by whose application we can decide in 
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any given case in a finite number of steps whether or not the 
concept holds ([Syntax] § 15). If a concept 1s not definite, it 
is called indefinite If one of the basic concepts defined by 
the rules of a calculus K (usually ‘sentence’ and ‘directly 
derivable’, including ‘primitive sentence’, sometimes also 
‘directly C-false’) is definite, we call the rules defining that 
concept definite. If all rules (rules of formation and rules of 
deduction) of K are definite, we call K a definite calculus; 
otherwise, an indefinite calculus. All calculi of the cus- 
tomary kind are definite. But indefinite calculi seem to be 
admissible and convenient and even necessary for certain 
purposes. 

The above remark concerning the concept ‘definite’ is meant as a 
rough explanation only. Within an arithmetized syntax (Godel’s 
method, see [Syntax] § 19) an exact definition can be given In this 
method, expressions are correlated with natural numbers, therefore 
properties and relations of expressions, eg the basic concepts of a 
calculus mentioned above, are correlated with functions of natural 
numbers A syntactical concept is definite if the correlated arithmeti- 
cal function has a certain property for which several exact definitions 
have been given which have been shown to coincide with one another. 
‘)-definable function’ (Church and Kleene), ‘general recursive func- 
tion’ (Herbrand and Godel), ‘computable function’ (Turing, see 
Journ Symb Log , vol 2, 1937, P 153) 

Concerning indefinite rules which have been used by logicians, see, 
below, the comment on D30-3 (14) Concerning the question whether 
indefinite rules are admissible, see [Syntax] §§ 43 and 45 An example 
of a task which cannot be solved without the use of indefinite rules is 
that of constructing an L-exhaustive calculus ([I] D36-3) for arith- 
metic (see [Syntax] §§ 14 and 34a, [Foundations] § 10 at the end) 


If indefinite rules of deduction for calculi are admitted, 
then the rules may refer not only to sentences or finite sen- 
tential classes but also to transfinite sentential classes. We 
call a rule of deduction which refers to a transfinite sentential 
class or junctive a transfinite rule. 

All indefinite rules of deduction which logicians have used 
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so far seem to be transfinite. Most, if not all, are rules of 
inference (ie. of the form “‘ &, is directly derivable from T,”’) 
of such a kind that the C-implicans (£,) is a transfinite class 
while the C-implicate (&,) is a single sentence. The reason 
for this fact is that the sentential classes have always been 
taken in the sense which we call now conjunctive, and that 
the use of a conjunctive is essential only as a C-implicans, not 
as a C-implicate (§ 23). Now we also use disjunctives; and 
their occurrence is essential if they are used as C-implicates. 
Therefore it is now possible to extend the scope of the deduc- 
tive method still more, by using transfinite rules of a new 
kind, with a transfinite disjunctive as C-implicate 

Incidentally, in (interpreted, not formalized) logic as rep- 
resented in L-semantics there are analogous possibilities for 
the extension of the scope of logical deduction by using a 
transfinite conjunctive as L-implicans and a transfinite 
disjunctive as L-implicate. 


§30. The Calculus FC* 


We construct the calculus FCT (D3), which 1s similar to FC; 
the difference 1s that FC7 is a calculus with junctives and con- 
tains three more rules of deduction These are the two dis- 
junctive rules which PC{ contains in distinction to PC, (D26- 
1(6) and (7)), and a rule (D3(14)) stating that ©, 1s a direct 
C-imphicate of the transfinite conjunctive of the instances of 
©, In FC, a universal sentence 1s C-equivalent to the con- 
junctive of the instances of its operand (T2c), an existential 
sentence 1s C-equivalent to their disjunctive (T3c). 


With the help of junctives, a calculus FC* can be con- 
structed out of FC such that FC* represents a full formali- 
zation of functional logic For the sake of brevity, we shall 
restrict our discussion to the form FCT corresponding to FC. 
The classification of signs and the rules of formation of FC} 
are the same as those of FC, (D28-1). The rules of deduc- 
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tion of FCT (see D3, below) contain those of FC, (D28-2), 
with conjunctives instead of sentential classes; further, three 
rules (6), (7), and (14) are added. The rules (6) and (7) are 
those which we added earlier to PC, in order to construct 
PC* (see D26-1b(6) and (7)). (24) is a new rule for the uni- 
versal operator, with a transfinite conjunctive as C-implicans 
(see D28-4). It will be seen later (§ 31) that, on the basis of 
these rules, not only the un:versal operator but also the ex- 
istential operator has a normal interpretation in any true 
interpretation for FCT 

Rules of deduction for FC} 

+D30-3. Direct C-implication in FC*t holds in the 
following cases (1) to (14), and only in these 

1 to 7 as in PC%, see D26-1b 

8 to 13 as in FC,, see D28-2, but with ‘A*’ instead 
of ‘A’ in (8) and (9) 

14. {S,(")}* 2 S,. 

Rule (14) refers to a transfinite conjunctive Therefore, a rule of 
this kind can be established without the use of yunctives by reference 
to a transfinite sentential class In this way a transfinite rule corre- 
sponding to (14) was first proposed by Tarski (1927) and Hilbert 
(1931), see references in [Syntax] § 48, and further Tarski, Journ. 
Symb Log, vol 4, 1939, Pp 105 I have used a corresponding rule for 
language I ([Syntax] § 14, rule DC2) and made more extensive use of 
transfinite rules also for variables of higher levels (rules of consequence 
for language II, [Syntax] § 34a-d, f), see also Rosser, Journ Symb. 
Log., vol. 2, 1937, p 129 

The following syntactical theorems (T1, 2, 3) will be used 
later for showing that, in every [L-]true interpretation for 
FC7, the operators have an [L-|normal interpretation (T31-1 
and 2). 

T30-1. 
a. If 6, (or &,) > G, in FC, then 6, (or &;, re- 
spectively) > ©, in FC}. (From T23-412.) 
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b. If G, is C-true in FC, it is C-true in FC}. (From 
T23-41b.) 
+T30-2. For any 6, and i,, with @, = {6,(")}, the fol- 
lowing holds in FCT: 
a. (ip)(G.) > &°. 
b. & = (ip)(G.). 
c. (ip)(G,) and &? are C-equivalent. 
Proof. a (i,)(G,) C-umphes every element of &, (T28-4a, Tra), 
and therefore §{ (T23-23) —b R! 3¢ 6, (D3(14)) Therefore, 
RS (is)(G.) (T28-4b, Tra, T23-3, T23-4) —c From (a), (b). 


+T30-3. Let i, be the only free variable in ,, and let #, 
be {6,("*)}. Then the following holds in FC}: 
a. & @ (Fi,)(G.). 
b. (dip) (G.) -g RY. 
c. (Fi,)(G,) and &Y are C-equivalent. 


Proof a Let Dt. be any class of junctives such that &Y « Nt, and 
that the conditions (b), (c), and (d) in D23-4 are fulfilled We have 
to show that (4i,)(S,) «Mt. Since KY ¢ Mts, at least one element of 


&, « M (d), thus there is an in, such that G(r eM: (2 ) a 
(dip) (G,) m FC, (T28-4c) Hence, (Hip)(S,) « Me (T23-40d) — 
b Let Dt, be any class of junctives such that (Hi,)(G,) « My and 
that the conditions (b), (c), and (d) in D23-4 are fulfilled. We have 
to show that RY «Mt, Let S,, be any closed sentence, and ©, be 
disc(Gn,negce(Gn)). Then &, 1s C-true in PC, (Ts-1a), hence in FC, 
(D28-2), hence G, ¢ Pte (T23-40f) Ga 7 {Gm, negc(Gm)}* (D3(6)), 
hence this disjunctive belongs to 2, (condition (b) for Dt.) There- 
fore, for any closed Gn, either S,, or negc(Gm) € Mz (condition (d)). 
Now we shall show that at least one sentence of §, belongs to Dtx. 
For the purpose of an indirect proof, let us suppose that no sentence 
of &, belonged to Nt, Then, according to the result just found, for 
every sentence ©; in &,, negc(G;) would belong to Dtz, since G: is 
closed Let §: be the class of these negationsc of the sentences of &,. 
Then 7 would belong to Mt, (condition (c)) Let 6, be (ip) (nege(G.)). 
Then ; 3@S, (D3(14)), hence G, would belong to Ht, (condition 
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(b)). On the other hand, (di,)(S,) @ nege(G,) in FC, (T28-4d). 
Therefore, negc(G,) « Mt, (T23-40d) Hence, {S,, negce(S,)}* would 
belong to Wt, (condition (c)) Every sentence is a C-implicate of 
{S,, negc(G,)} m PC, (Ts-2l) and hence in FC, and, hence, would 
belong to Dt. (T23-40d) in contradiction to our supposition that no 
sentence of &, belongs to Yt, Therefore this supposition 1s false, at 
least one sentence of §,¢Mt, Hence RY «Mx (condition (d)).— 
c. From (a), (b). 


T3b is especially noteworthy: an existential sentence 
C-implies the disjunctive of the instances of its operand. 
Thus we find a transfinite disjunctive as a C-implicate in 
FC*, although the two disjunctive rules in PCT refer only to 
finite disjunctives (with two and no elements respectively; 
see D26-1, rules 6 and 7) and no new disjunctive rule is added 
in FCT (D3). This is brought about by the particular form 
of the definition of C-implication for junctives (D23-4). 

Instead of the transfinite conjunctive rule for the uni- 
versal operator in FC} (D3, rule 14), we could use the follow- 
ing transfinite disjunctive rule for the existential operator. 

Rule 14’. (i,)(G,) 3 {6,(")}” where i; is the only free 
variable in G,. (As to the reason for the restricting condition, 
see, below, remark on D31-2.) 

Rule (14’) leads to the same results as rule (14) (that is to 
say, FCT and the calculus containing (14’) instead of (14) 
are coincident calculi [I] D31-9). 
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§ 31. FCf is a Full Formalization of Functional Logic 


In any [L-]true interpretation for FC}, the universal opera- 
tor has an [L-]normal interpretation (T1), that 1s to say, a 
universal sentence is [L-]equivalent to the conjunctive of the 
instances of its operand (Dz). Likewise, in any [L- true 1n- 
terpretation for FC}, the existential operator has an [L- ]normal 
mterpretation (T2), that 1s to say, an existential sentence 1s 
[L-]equivalent to the disyunctive of the stances of its operand 
(Dz) Hence, FCT 1s a full formahzation of functional logic 


As we have said earlier (§ 28), we presuppose a system of 
functional logic of such a kind that every individual 1n it is 
directly designated. Therefore, a universal sentence (ix) (S.) 
is true if and only if every instance of G, is true Hence, if 
we use junctives, the universal sentence is true if and only 
if the conjunctive of the instances of ©, is true, both are 
L-equivalent to one another. Analogously, the existential 
sentence (Hi,)(G,) (if it 1s closed) is true if and only if at 
least one instance of 6, is true, it is therefore L-equivalent to 
the disjunctive of the instances. On the basis of these con- 
siderations, we can define the concepts of normal interpreta- 
tions of the operators (D1a, D2a) with respect to FC]. These 
definitions are simpler than the former ones with respect to 
FC, (D28-6 and 7) It is easy to see (with the help of D21-3 
and 4) that the new concepts are in accordance with the 
previous ones. Further, the concepts of L-normal interpre- 
tations are here easily definable (D1b, Dz2b). 

+D31-1a[b]. The universal operator in a calculus K 
(containing a form of FC or FC* with junctrves) has an 
[L-]normal interpretation in S =p; S$ is an [L-]true n- 
terpretation for K, and for every ©, and i, in K such that 
iz is the only free variable in G,, (u.)(S,) is [L-Jequivalent to 
{S,(")}* ins. 

+D31-2a [b]. The existential operator in a calculus K 
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(containing a form of FC or FC* with junctives) has an 
[L-]normal interpretation in S =p; S is an [L-]true in- 
terpretation for K, and for every ©, and i; in K such that 
i, is the only free variable in ©,, (ix) (S,) is [L-Jequivalent to 
{S,(")}" in S. 

The following counter-example shows that the condition that i 1s 
the only free variable in ©, 1s essential for D2 In functional logic, 
‘(dx)R(x,y)’ is not L-equivalent to the disjunctive of the instances 
‘R(a,y)’, ‘R(b,y)’, etc The existential sentence 1s L-equivalent to 
“(y)(Ax)R(x,y)’, while the instances are L-equivalent to ‘(y)R(a,y)’, 
‘(y)R(b,y)’, etc , respectively, and hence their disjunctive is L-equiva- 
lent to ‘(Hx)(y)R(x,y)’ This sentence is stronger than ‘(y)(Hx) 


R(x,y)’ 
The same condition in Dz 1s not essential (the proof for Tx makes 
no use of it) but has been added merely for the sake of analogy 


+T31-1a[b]. If S is an [L-]true interpretation for FCT, 
then the universal operator in FCT has an [L-]normal in- 
terpretation in S. 

Proof fora [b] Let S bean [L-]true interpretation for FC] Then, 
for any ©, and i, mn FC#, (ix)(G,) and {S.(")}° are C-equivalent in 
FCT (T30-2c) and hence [L-Jequivalent in S (T23-18 [19c]). Thus 
the universal operator has an [L-|normal interpretation in S (D1). 

It is easy to see that a transfinite rule is necessary in order 
to assure the [L-]normal interpretation of the operators in a 
calculus K containing FC;. (ix)(G,) and {6,(")}° must be 
C-equivalent in K. The rules of FC; suffice to make every 
instance of G,, and hence also their conjunctive, a C-impli- 
cate of (i,)(G,). The problem is how to make the universal 
sentence a C-implicate of the conjunctive of instances. The 
universal sentence is not an L-implicate of any proper sub- 
class of the conjunctive, since from the fact that some in- 
dividuals have a certain property we cannot infer that all 
have it; still less is it an L-implicate of any finite sub-class. 
Here, therefore, a transfinite rule is necessary which makes 
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use of the whole transfinite class of instances, as rule (14) in 
FCt (D30-3) does and the alternative rule (14’) mentioned 
above. 


+T31-2a [b]. If S is an [L-]true interpretation for FC*, 
then the existential operator in FCT has an [L-|normal in- 
terpretation in S. 

Proof fora [b] Let S be an [L-]true interpretation for FCT. For 
any ©, and i, in FCT such that i, 1s the only free variable in G,, 
(4i,)(G,) and (6,(")}" are C-equivalent in FC (T30-3c) and hence 
[L-Jequivalent in S (T23-18 [z9c]) ‘Thus the existential operator 
has an [L-]normal interpretation m S (D2) 


Tx and 2 show that FC? is a full formalization of functional 
logic. 

An existential sentence can be transformed in FC; into a 
C-equivalent sentence with a universal operator and two 
signs of negation, (T28-4d,e). Therefore, if the universal 
operator and the sign of negation, have an [L-]normal in- 
terpretation, then the same holds for the existential operator. 
On the other hand, a universal sentence can be transformed 
into a C-equivalent sentence with an existential operator and 
two signs of negation; (T28-4f, g). Therefore, if the existen- 
tial operator and the sign of negation, have an [L-|normal 
interpretation, then the same holds for the universal operator. 
Thus we have seen that in FCT (D30-3), where neg, has 
always an {L-|normal interpretation because of the sub- 
calculus PCT (T27-1), the rule (14) for the universal operator 
suffices to assure the [L-]normal interpretation not only for 
this operator (Tx) but also for the existential operator (Tz). 
Likewise, the rule (14’) for the existential operator (see § 30 
at the end), taken instead of (14), would suffice to assure the 
[L-]normal interpretation for both operators. 
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§32. Involution 


An alternative to the use of junctives is outlmed. It con- 
sists in the introduction of the concept of mvolution (D1) and 
the corresponding L- and C-concepts (D2 and 6). A calculus 
FC?* is given in the form of a definition for ‘direct C-involu- 
tion’ (Dz2) This calculus corresponds to FC?; however, it 
refers not to junctives but only to sentences and sentential 
classes FC}* is, like FC7, a full formahzation for functional 
logic. 


An alternative to the use of junctives will briefly be ex- 
plained here, a semantical and syntactical terminology 
which allows the formulation of the same things we have 
formulated above in terms of junctives. 

We have previously introduced junctives in syntax in 
connection with the concept of C-implication (§ 23). We 
have seen that the reference to a conjunctive #* is essential 
only when it occurs as a C-implicans, while its occurrence as 
a C-implicate can always be avoided by a reference to the 
sentences of &,. On the other hand, the reference to a dis- 
junctive §Y is essential only when it occurs as a C-implicate. 
This suggests the introduction of a term, say ‘C-involution’, 
for the special case of the relation of C-implication between 
a conjunctive and a disjunctive. Therefore, we shall intro- 
duce ‘involution’ (D1) in such a way that ‘8, involves &,’ 
means the same as previously ‘; implies #;’, the terms ‘L- 
involves’, ‘F-involves’, and ‘C-involves’ will be used in an 
analogous way. However, ‘involves’ will not be defined in 
terms of junctives. We shall use it in a metalanguage which 
does not refer to junctives but only to sentences and neutral 
sentential classes. These classes are neutral in the sense that 
they are construed neither conjunctively nor disjunctively. 
Therefore, the concept of truth is not applied to sentential 
classes but only to sentences. This concept is taken here as 
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basic (in D1); the other radical concepts may be defined as 
previously ({I] § 9) but with respect to sentences only. 

D32-1. &, involves &, (@, is an involute of &,;8, 4 &,) 
(in S) =p, at least one sentence of &, is not true or at least 
one sentence of &, is true. 

We define this and the following concepts with respect to 
sentential classes only. We make the general convention that 
the application of one of these concepts to a sentence ©, is 
an abbreviation for its application to {G,}. 


T32-1. 6, 4 G, if and only if ©, — 6,. 

Proof G,- GS, if and only if {S.} 4 {S,} (convention), hence if 
and only if G, 1s false or G, is true (D1), hence if and only if 6, > ©, 
([1]D9-3). 

On the basis of D1 and Tr, ‘involution’ can now be applied 
to &, ie. to members which are either sentences or (neutral) 
sententual classes. 


The concept of L-involution could be introduced either by 
a reformulation of the postulates for L-concepts (§ 22, [I] 
§ 14) or on the basis of the concept of the L-range of a sen- 
tence (LrG,, §§ 11 and 22, [I] § 20). We shall indicate here 
the second way. L-implication corresponds to inclusion of 
L-ranges (D11-7); hence 7 +> SY if and only if the product 
of the L-ranges of the sentences of &, is contained in the sum 
of the L-ranges of the sentences of %, (D22-1 and 2). This 
leads to Dz. 

D32-2. &, L-involves &, (S, is an L-involute of &.. 
Ro &,) (an S) =p, the product of the L-ranges of the sen- 
tences of %, is contained in the sum of the L-ranges of the 
sentences of §,. 


In the syntax of junctives, the rules of deduction of a 
calculus K are formulated as a definition of ‘direct C-impli- 
cation in K’ (§ 23). On the basis of this concept, C-implica- 
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tion (D23-4) and the other C-concepts are defined in such a 
way that they fulfill the requirement of adequacy, ie. that 
they hold in all those cases, and only those, in which the 
corresponding radical concepts hold in every true interpre- 
tation for K. An analogous procedure can be applied for the 
introduction of ‘C-involution’. Here, the rules of deduction 
define ‘direct C-involution’ (‘ +1’). We have to begin with 


a definition of ‘true interpretation’, analogous to D23-1 
D32-5a [b]. S is an [L-]true interpretation for K =p; S 
is an interpretation for K ([I] D33-1), and for every &, and 


@,, if ©, 4 ©, in K, T, 4 Tin S. 


The definition of ‘C-involution’ is analogous to D23-4 but 

simpler. 
D32-6. &, C-involves §, (&, is a C-involute of &,; 
&, It &,) (in K) =p, every class &, which fulfills the follow- 
ing conditions, (a) and (b), contains at least one sentence of 
R;. 
a. &, Cc Ry. 
b. For every mand &n, if Rn C Ky and Rm A Ra; 
then at least one sentence of &, « R:. 

&;, in D6 corresponds to I, in D23-4 In analogy to T23-r1, 
it can here easily be seen that, if &, is the class of the sen- 
tences in K which are true in a true interpretation S for K, 
then §, fulfills the condition (b) in D6. Further, in analogy 
to T23-11- If S is an [L-]true interpretation for K and 
=, jd t,m K, then , d & in S Hence D6 fulfills the re- 
quirement of adequacy. The same holds for D7 and 8. 

D32-7. ©, is C-true (in K) =prA J Se 
D32-8. G, is C-false (in K) =p: SG, i A. 

Any sentence or rule in the metalanguage (semantics or 
syntax) formulated in terms of junctives can easily be 
translated into a sentence or rule formulated in terms of in- 
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volution. For instance, a sentence stating the relation of 
implication (or L-implication, or C-implication, respectively) 
between two junctives is translated into a sentence stating 
the relation of involution (or L-involution, or C-involution, 
respectively) in the following way. ‘6,’ remains unchanged; 
‘@:’ as (L-, C-) implicans and ‘¥’ as (L-, C-) implicate are 
replaced by ‘8,’; ‘S?’ as (L-, C-) implicate and ‘8’ as (L-, 
C-) implicans are replaced by ‘every sentence of £,’. 

As an example of the formulation of the rules of deduction 
of a calculus K as a definition for ‘direct C-involution in K’, 
we shall state the rules for the calculus FC?*. This calculus 
corresponds to FC} (D3o-3) in the sense that its rules result 
if we translate the rules of FC} from the syntax language of 
junctives into the syntax language of involution in the way 
just indicated. Therefore the calculus FC7" is likewise a full 
formalization of functional logic. 

D32-12. Direct C-involution in FC{* holds in the 
following cases, (1) to (14), and only in these. 
1 to 5 as in D2-2b but with ‘ +’ instead of ‘72’. 


6. diso(.,S,) a {S., S,}, where ©, and 6, are 


closed. 
7.V _ A, 


8 to 13, as in D28-2, but with ‘ | instead of ior ie 
14. (6,(")} 4 6. 
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